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Abstract

In the present paper we obtain in a generalized Hamilton space of order two the
transformation laws of the torsion and curvature tensor fields, with respect to the
transformations of the group TN of the transformations of N−linear connections hav-
ing the same nonlinear connection N.

We also determine in a generalized Hamilton space of order two the set of all met-
rical semisymmetric N−linear connections, in the case when the nonlinear connection

is fixed and prove that this set,
ms

T N , of the transformations of metrical semisymmet-
ric N−linear connections, having the same nonlinear connection N, together with the
composition of mappings, is a group. We obtain some important invariants of the

group
ms

T N and give their properties. We also study the transformations laws of the

torsion d−tensor fields with respect to the transformation of the group
ms

T N .
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1 Introduction

Differential geometry of the second order cotangent bundle
(
T ∗2M,π∗2,M

)
was

introduced and studied by R. Miron [6] , R. Miron, H. Shimada, D. Hrimiuc, V.S. Sabău,
[8] and Gh. Atanasiu and M. Târnoveanu [1] .

This geometry is based on the differential geometry of the cotangent bundle (see also:
Gh. Atanasiu [2] , S. Ianuş [3] , R. Miron [5] , C. Udrişte [10]).

In the present section we keep the general setting from R. Miron, H. Shimada, D.
Hrimiuc, V.S. Sabău, [8] , and subsequently we recall only some needed notions. For more
details see [8] .
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Let M be a real n−dimensional manifold and let
(
T ∗2M,π∗2,M

)
be the dual of the

2−tangent bundle, or 2−cotangent bundle. A point u ∈ T ∗2M can be written in the form
u = (x, y, p) , having the local coordinates

(
xi, yi, pi

)
, (i = 1, 2, ..., n) .

A change of local coordinates on the 3n dimensional manifold T ∗2M is
x̄i = x̄i

(
x1, ..., xn

)
,det

(
∂x̄i

∂xj

)
6= 0,

ȳi = ∂x̄i

∂xj · yj ,

p̄i = ∂xj

∂x̄i · pj , (i, j = 1, 2, ..., n) .

(1.1)

We denote by T ∗2M = T ∗2M \ {0} , where 0 : M −→ T ∗2M is the null section of the
projection π∗2.

Let us consider the tangent bundle of the differentiable manifold T ∗2M,
(
TT ∗2M, τ∗2, T ∗2M

)
,

where τ∗2 is the canonical projection and the vertical distribution V : u ∈ T ∗2M −→
V (u) ⊂ TuT ∗2M, locally generated by the vector fields

{
∂

∂yi

∣∣∣
u
, ∂

∂pi

∣∣∣
u

}
,∀u ∈ T ∗2M.

The following F
(
T ∗2M

)
− linear mapping J : χ

(
T ∗2M

)
−→ χ

(
T ∗2M

)
, defined by:

J

(
∂

∂xi

)
=

∂

∂yi
, J

(
∂

∂yi

)
= 0, J

(
∂

∂pi

)
= 0,∀u ∈ T̃ ∗2M (1.2)

is a tangent structure on T ∗2M.
We denote with N a nonlinear connection on the manifold T ∗2M, with the local co-

efficients
(
N j

i (x, y, p) , Nij (x, y, p)
)
, (i, j = 1, 2, ..., n) . Hence, the tangent space of T ∗2M

in the point u ∈ T ∗2M is given by the direct sum of vector spaces:

TuT ∗2M = N (u)⊕W1 (u)⊕W2 (u) ,∀u ∈ T ∗2M. (1.3)

A local adapted basis to the direct decomposition (1.3) is given by:{
δ

δxi
,

∂

∂yi
,

∂

∂pi

}
, (i = 1, 2, ..., n) , (1.4)

where:
δ

δxi
=

∂

∂xi
−N j

i
∂

∂yj
+ Nij

∂

∂pj
. (1.5)

With respect to the coordinates transformations (1.1) , we have the rules:

δ

δxi
=

∂x̄j

∂xi

δ

δx̄j
;

∂

∂yi
=

∂x̄j

∂xi
· ∂

∂ȳj
;

∂

∂pi
=

∂xi

∂x̄j
· ∂

∂p̄j
. (1.5)’

The dual basis of the adapted basis (1.4) is given by:{
δxi, δyi, δpi

}
, (1.6)

where:
δxi = dxi, δyi = dyi + N i

jdxj , δpi = dpi −Njidxj . (1.6)’
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With respect to (1.1) , the covector fields (1.6) are transformed by the rules:

δx̄i =
∂x̄i

∂xj
δxj , δȳi =

∂x̄i

∂xj
δyj , δp̄i =

∂xj

∂x̄i
δpj . (1.6)”

Let D be an N−linear connection on T ∗2M, with the local coefficients in the adapted
basis: DΓ (N) =

(
H i

jk, C
i
jk, Ci

jk
)

.

An N− linear connection D is uniquely represented, in the adapted basis (1.4) in the
following form:

D δ

δxj

δ
δxi = Hk

ij
δ

δxk , D δ

δxj

∂
∂yi = Hk

ij
∂

∂yk , D δ

δxj

∂
∂pi

= −H i
kj

∂
∂pk

,

D ∂

∂yj

δ
δxi = Ck

ij
δ

δxk , D ∂

∂yj

∂
∂yi = Ck

ij
∂

∂yk , D ∂

∂yj

∂
∂pi

= −Ci
kj

∂
∂pk

,

D ∂
∂pj

δ
δxi = Ci

kj δ
δxk , D ∂

∂pj

∂
∂yi = Ci

kj ∂
∂yk , D ∂

∂pj

∂
∂pi

= −Ck
ij ∂

∂pk
.

(1.7)

2 The transformations of the d−tensors of torsion and cur-
vature

In the following, we shall study the Abelian group TN . Its elements are the
transformations t : DΓ (N) → DΓ̄ (N) given by (see[9]):

N̄ i
j = N i

j ,
N̄ij = Nij ,
H̄k

ij = Hk
ij −Bk

ij ,
C̄k

ij = Ck
ij −Dk

ij ,

C̄i
kj = Ci

kj −Di
kj , (i, j, k = 1, 2, ..., n) .

(2.1)

Firstly, we shall study the transformations of the d−tensors of torsion of DΓ (N) .

Proposition 2.1. The transformations of the Abelian group TN , given by(2.1) lead to the
transformations of the d−tensors of torsion in the following way:

R̄
(1)

i
jk = R

(1)

i
jk, R̄

(2)
ijk = R

(2)
ijk, B̄

(1)
j
ik = B

(1)
j
ik, B̄

(2)
ijk = B

(2)
ijk, (2.2)

T̄ i
jk = T i

jk +
(
Bi

kj −Bi
jk

)
, (2.3)

S̄i
jk = Si

jk +
(
Di

kj −Di
jk

)
, S̄i

jk = Si
jk +

(
Di

kj −Di
jk

)
, (2.4)

P̄
(1)

i
jk = P

(1)

i
jk + Bi

kj , P̄
(2)

i
jk = P

(2)

i
jk −Bi

jk. (2.5)

Proof. Using (7.2)−p.256, [8] , (6.3) , (6.3)′ , (6.3)′′−p.273, [8] and (2.1) we have the results.
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Now, we shall study the transformations of the d−tensors of curvature of DΓ (N) (see,
(6.4), -p.274, [8] and (5.2)’-p.270, [8]) by a transformation (2.1). We get:

Proposition 2.2. The transformations of the Abelian group TN , given by (2.1) lead to
the transformations of the d−tensors of curvature in the following way:

R̄h
i
jk = Rh

i
jk −Di

hm R
(1)

m
jk −Dh

im R
(2)

mjk −Bi
hmTm

jk+

+Ajk

{
Bm

hj ·Bi
mk −Bi

hjpk
}

,
(2.6)

P̄ h
i
jk = P h

i
jk −Di

hm P
(1)

m
jk −Dh

imB
(2)

mjk −Bi
hmCm

jk+

+Bm
hjD

i
mk −Dm

hkB
i
mj −Bi

hj |k +Di
hkpj ,

(2.7)

P̄ h
i
j
k = P h

i
j
k −Dh

im P
(2)

k
mj −Di

hmB
(1)

j
mk −Bi

hmCj
mk+

+Bm
hjDm

ik −Dh
mkBi

mj −Bi
hj |k +Dh

ik
pj ,

(2.8)

S̄h
i
jk = Sh

i
jk −Di

hmSm
jk +Ajk{−Di

hj |k +Dm
hjD

i
mk}, (2.9)

S̄h
i
j
k = Sh

i
j
k −Di

hj |k +Dh
ik |j −Cj

mkDi
hm−

−Ck
mjDh

im + Dm
hjDm

ik −Dh
mkDi

mj ,
(2.10)

S̄h
ijk = Sh

ijk + Dh
imSm

jk +Ajk

{
−Dh

ij |k +Dh
mjDm

ik
}

, (2.11)

where Aij denotes the alternate summation and m, m and
m

denote the h-covariant deriva-
tive, the w1-covariant derivative and the w2-covariant derivative with respect to DΓ(N)
respectively.

We shall consider the tensor fields:

Kh
i
jk = Rh

i
jk − Ci

hm R
(1)

m
jk − Ch

im R
(2)

mjk, (2.12)

Ph
i
jk = Ajk

{
Ph

i
jk − Ci

hm
∂Nm

j

∂yk
+ Ch

im ∂Njm

∂pk

}
, (2.13)

Ph
i
j
k = Ajk

{
Ph

i
j
k − Ci

hm
∂Nm

j

∂pk
+ Ch

im ∂Njm

∂pk

}
. (2.14)

Proposition 2.3. By a transformation of the Abelian group TN , given by (2.1) ,the tensor
fields Kh

i
jk,Ph

i
jk,Ph

i
j
k are transformed according to the following laws:

K̄h
i
jk = Kh

i
jk −Bi

hmTm
jk +Ajk

{
Bm

hjB
i
mk −Bi

hjpk

}
, (2.15)
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P̄h
i
jk = Ph

i
jk −Di

hmTm
jk −Bi

hmSm
jk+

+Ajk

{
−Bi

hj |k +Di
hk|j + Bm

hjD
i
mk −Dm

hkB
i
mj

}
,

(2.16)

P̄h
i
j
k = Ph

i
j
k +Ajk

{
−Bi

hj |k +Dh
ik

|j −Dh
imHk

mj−

−Bi
hmCj

mk + Bm
hjDm

ik −Dh
mkBi

mj

}
.

(2.17)

Proof. From (2.7) we get:

Ajk

{
P̄h

i
jk

}
= Ajk

{
Ph

i
jk

}
+Ajk

{
−Di

hm P
(1)

m
jk −Dh

imB
(2)

mjk

}
−

−Ajk

{
Bi

hmCm
jk

}
+Ajk

{
Bm

hjD
i
mk −Dm

hkB
i
mj −Bi

hj |k +Di
hk|j

}
.

Using (7.2)− p.256, [8] , (6.3)′ , (6.3)′′ ,−p.273, [8] and (2.18) we have:

Ajk

{
P̄h

i
jk

}
= Ajk

{
Ph

i
jk

}
+Ajk

{(
C̄i

hm − Ci
hm

) (
∂Nm

j

∂yk −Hm
kj

)
+

+
(
C̄h

im − Ch
im

) (
−∂Njm

∂pk

)}
−Bi

hmSm
jk+

+Ajk

{
−Bi

hj |k +Di
hk|j + Bm

hjD
i
mk −Dm

hkB
i
mj

}
.

If we separate the terms we get:

Ajk

{
P̄h

i
jk − C̄i

hm
∂N̄m

j

∂yk
+ C̄h

im ∂N̄ jm

∂pk

}
=

= Ajk

{
Ph

i
jk − Ci

hm
∂Nm

j

∂yk
+ Ch

im ∂N jm

∂pk

}
−Di

hmTm
jk −Bi

hmSm
jk+

+Ajk

{
−Bi

hj |k +Di
hk pj +Bm

hjD
i
mk −Dm

hkB
i
mj

}
.

Using (2.13) we obtain: (2.16). Analogous we obtain the other formulas.

3 Metrical semisymmetric N−linear connections in
GH(2)n−spaces

Definition 3.1. ([8]) A generalized Hamilton space of order two is a pair GH(2)n =(
M, gij (x, y, p)

)
, where:

1◦ gij is a d− tensor field of type (2, 0) , symmetric and nondegenerate on the manifold
T ∗2M.

2◦ The quadratic form gijXiXj has a constant signature on T ∗2M.
gij is called the fundamental tensor or metric tensor of space GH(2)n.
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In the case when T ∗2M is a paracompact manifold then on T ∗2M the metric tensors
gij (x, y, p) exist positively defined such that

(
M, gij

)
is a generalized Hamilton space.

Definition 3.2. ([8]) A generalized Hamilton metric gij (x, y, p) of order two (on short
GH−metric) is called reductible to an Hamilton metric (H−metric) of order two if there
exists a function H (x, y, p) on T ∗2M such that:

gij =
1
2

∂2H

∂pi∂pj
. (3.1)

The covariant tensor field gij is obtained from the equations

gijg
jk = δk

i . (3.2)

gij is a symmetric, nondegenerate and covariant of order two, d−tensor field.

If a nonlinear connection N, with the coefficients
(
N j

i (x, y, p) , Nij (x, y, p)
)

, is a priori
given, let us consider the direct decomposition (1.3) and the adapted basis to it, (1.4) ,
where (1.5) hold. The dual adapted basis is (1.6) , where (1.6)′ hold. An N−linear con-
nection: DΓ (N) =

(
H i

jk, C
i
jk, Ci

jk
)

determines the h−, w1−, w2−covariant derivatives
in the tensor algebra of d−tensor fields.

Definition 3.3. ([8]) An N−linear connection DΓ (N) is called metrical with respect to
GH−metric gij if gij is covariant constant (or absolute parallel) with respect to DΓ (N) , i.e.

gij
|k = 0, gij |k= 0, gij |k= 0. (3.3)

The tensorial equations (3.3) imply:

gijpk = 0, gij |k= 0, gij |k= 0. (3.4)

Theorem 3.1. ([8]) 1. There is a unique N−linear connection DΓ̄ (N) =
=

(
H̄ i

jk, C̄
i
jk, C̄i

jk
)

having the properties:
1◦. The nonlinear connection is a priori given.
2◦. DΓ̄ (N) is metrical with respect to GH−metric gij i.e.(3.3) are verified.
3◦. The torsion tensors T̄ i

jk, S̄
i
jk, and S̄i

jk vanish.

2. The previous connection has the coefficients C̄i
jk and C̄i

jk given by

C̄i
jk = 1

2gim
(

∂gmk

∂yj + ∂gjm

∂yk − ∂gjk

∂ym

)
,

C̄i
jk = 1

2gim

(
∂gmk

∂pj
+ ∂gjm

∂pk
− ∂gjk

∂pm

)
,

(3.5)

and H̄ i
jk are generalized Christoffel symbols:

H̄ i
jk =

1
2
gim

(
δgmk

δxj
+

δgjm

δxk
−

δgjk

δxm

)
. (3.6)
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The Obata’s operators, are given by:

Ωij
hk =

1
2

(
δi
hδj

k − ghkg
ij

)
, Ω∗ij

hk =
1
2

(
δi
hδj

k + ghkg
ij

)
. (3.7)

There is inferred:

Proposition 3.1. The Obata’s operators have the following properties:

Ωir
sj + Ω∗ir

sj = δi
sδ

r
j , (3.8)

Ωir
sjΩ

sn
mr = Ωin

mj , Ω∗ir
sjΩ

∗sn
mr = Ω∗in

mj , Ωir
sjΩ

∗sn
mr = Ω∗ir

sjΩ
sn
mr = 0, (3.9)

Ωir
rj = Ωir

si = 0, Ωir
ij =

1
2

(n− 1) δr
j , Ω∗ir

ij =
1
2

(n + 1) δr
j . (3.10)

Theorem 3.2. ([8]) There is a unique metrical connection D̄Γ (N) =
(
H̄ i

jk, C̄
i
jk, C̄i

jk
)

with respect to GH−metric gij , having the torsion d−tensor fields T i
jk, S

i
jk, Si

jk a priori
given. The coefficients of D̄Γ (N) are given by the following formulas:

H̄ i
jk = 1

2gim
(

δgmk

δxj + δgjm

δxk − δgjk

δxm

)
+

+1
2gim

(
gmhT h

jk − gjhT h
mk + gkhT h

jm

)
,

C̄i
jk = 1

2gim
(

∂gmk

∂yj + ∂gjm

∂yk − ∂gjk

∂ym

)
+

+1
2gim

(
gmhSh

jk − gjhSh
mk + gkhSh

jm

)
,

C̄i
jk = 1

2gim

(
∂gmk

∂pj
+ ∂gjm

∂pk
− ∂gjk

∂pm

)
−

−1
2gim

(
gmhSh

jk − gjhSh
mk + gkhSh

jm
)

.

(3.11)

Definition 3.4. ([1]) An N−linear connection on T ∗2M is called semisymmetric if:

T i
jk =

1
2

(
−δi

jσk + δi
kσj

)
, Si

jk =
1
2

(
−δi

jτk + δi
kτj

)
, Si

jk = −1
2

(
−δj

i v
k + δk

i vj
)

, (3.12)

where σ, τ ∈ χ∗ (
T ∗2M

)
and v ∈ χ

(
T ∗2M

)
.

Theorem 3.3. The set of all metrical semisymmetric N−linear connections with local
coefficients DΓ (N) =

(
H i

jk, C
i
jk, Ci

jk
)

is given by:
H i

jk = H̄ i
jk + 1

2

(
−gjkg

imσm + σjδ
i
k

)
,

Ci
jk = C̄i

jk + 1
2

(
−gjkg

imτm + τjδ
i
k

)
,

Ci
jk = C̄i

jk + 1
2

(
−gjkgimvm + vjδk

i

)
,

(3.13)

where DΓ̄ (N) =
(
H̄ i

jk, C̄
i
jk, C̄i

jk
)

are the local coefficients (3.6) and (3.5) of the metrical

N−linear connection given in Theorem 3.1 and σ, τ ∈ χ∗ (
T ∗2M

)
and v ∈ χ

(
T ∗2M

)
.

Proof. Using Theorem 3.2 and Definition 3.4 we obtain the results by direct calculation.
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4 The group of transformations of metrical semisymmetric
N−linear connections

Let N be a given nonlinear connection on T ∗2M. Then any metrical semisymmetric
N−linear connection with local coefficients D̄Γ (N) =

(
H̄ i

jk, C̄
i
jk, C̄i

jk
)

is given by (3.11)
with (3.12) . From Theorem 3.3 we have:

Theorem 4.1. Two metrical semisymmetric N−linear connections:D and D̄, with local
coefficients: DΓ (N) =

(
H i

jk, C
i
jk, Ci

jk
)

and D̄Γ (N) =

=
(
H̄ i

jk, C̄
i
jk, C̄i

jk
)

are related as follows:
H̄ i

jk = H i
jk + 1

2

(
−gjkg

imσm + σjδ
i
k

)
,

C̄i
jk = Ci

jk + 1
2

(
−gjkg

imτm + τjδ
i
k

)
,

C̄i
jk = Ci

jk + 1
2

(
−gjkgimvm + vjδk

i

)
,

(4.1)

where σ, τ ∈ χ∗ (
T ∗2M

)
and v ∈ χ

(
T ∗2M

)
.

Conversely, given σ, τ ∈ χ∗ (
T ∗2M

)
and v ∈ χ

(
T ∗2M

)
the above (4.1) is thought to be a

transformation of a metrical semisymmetric N−linear connection D, with local coefficients
DΓ (N) =

(
H i

jk, C
i
jk, Ci

jk
)

, to a metrical semisymmetric N−linear connection D̄, with

local coefficients D̄Γ (N) =
(
H̄ i

jk, C̄
i
jk, C̄i

jk
)

.

We shall denote this transformation by: t (σ, τ, v) . Thus we have:

Theorem 4.2. The set
ms
T N of all transformations t (σ, τ, v) : DΓ (N) −→ D̄Γ (N) of the

metrical semisymmetric N−linear connections, given by (4.1) is an Abelian group, together
with the mapping product.

This group acts on the set of all metrical semisymmetric N−linear connections, corre-
sponding to the same nonlinear connection N, transitively.

Theorem 4.3. By means of transformation (4.1) , the tensor fields:
Kh

i
jk,Ph

i
jk,Ph

i
j
k,Sh

i
jk and Sh

ijk are changed by the laws:

K̄h
i
jk = Kh

i
jk +Ajk

{
Ωir

jhσrk

}
, (4.2)

P̄h
i
jk = Ph

i
jk +Ajk

{
Ωir

jhγrk

}
, (4.3)

P̄h
i
j
k = Ph

i
jk +Ajk

{
Ωir

jhσr |k +Ωij
rhvr

pk + Ωim
rh

(
Hk

mjv
r + Cj

rkσm

)
+ (4.4)

+
1
2
Ωik

hjσrv
r +

1
4
δk
hgjrg

isσsv
r +

1
4
δi
jgrhgksσsv

r − 1
4
gjsg

ikσhvs − 1
4
gjhgrkσrv

i

}
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S̄h
i
jk = Sh

i
jk +Ajk

{
Ωir

jhτrk

}
, (4.5)

S̄h
ijk = Sh

ijk +Ajk

{
Ωij

rhvrk
}

, (4.6)

where:
σrk = −σrσk + σrpk +

1
4
grk · σ, (σ = grmσrσm) , (4.7)

γrk = − (σkτr + σrτk) + σr |k +τrpk +
1
4
grkγ, (γ = grm (σrτm + σmτr)) , (4.8)

τrk = −τrτk + τr |k +
1
4
grkτ, (τ = grsτrτs) , (4.9)

vrk = vrvk + vr |k −1
4
grkv, (v = grsv

rvs) . (4.10)

Proof. Using (2.1) and (4.1) we get:

Bi
jk =

1
2

(
−σjδ

i
k + gjkg

imσm

)
= −Ωim

kj σm, Di
jk =

1
2

(
−τjδ

i
k + gjkg

imτm

)
= (4.11)

−Ωim
kj τm, Di

jk =
1
2

(
−vjδk

i + gjkgimvm
)

= −Ωjk
miv

m.

By applying Proposition 2.3, relations (3.12) and (4.11) we obtain the results.

Using these results we can determine some invariants of the group
ms
T N . To this aim

we eliminate σij , γij , τij and vij from (4.2), (4.3), (4.4) and (4.5) and we obtain:

Theorem 4.4. For n > 2 the following tensor fields: Hh
i
jk, Nh

i
jk,Mh

i
jkMh

ijk, of metri-

cal semisymmetric N−linear connections on T ∗2M, are invariants of the group
ms
T N :

Hh
i
jk = Kh

i
jk +

2
n− 2

Ajk

{
Ωir

jh

(
Krk −

grkK
2 (n− 1)

)}
, (4.12)

Nh
i
jk = Ph

i
jk +

2
n− 2

Ajk

{
Ωir

jh

(
Prk −

grkP
2 (n− 1)

)}
, (4.13)

Mh
i
jk = Sh

i
jk +

2
n− 2

Ajk

{
Ωir

jh

(
Srk −

grkS

2 (n− 1)

)}
, (4.14)

Mh
ijk = Sh

ijk +
2

n− 2
Ajk

{
Ωij

rh

(
Srk − grkS′

2 (n− 1)

)}
, (4.15)

where:

Khj = Kh
i
ji,K = ghjKhj ,Phj = Ph

i
ji,P = ghjPhj ,

Shj = Sh
i
ji, S = ghjShj , S

ij = Sh
ijh, S′ = gijS

ij .
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In order to find other invariants of the group
ms
T N , let us consider the transformation

formulas of the torsion d−tensor fields by a transformation t (σ, τ, v) : DΓ (N) −→ D̄Γ (N)
of metrical semisymmetric N−linear connections on T ∗2M, corresponding to the same
nonlinear connection N, given by (4.1) . Using Proposition 2.1 and transformation (4.1),
by direct calculation we obtain:

Proposition 4.1. By a transformation (4.1) of metrical semisymmetric N− linear con-
nections, corresponding to the same nonlinear connection N :
t (σ, τ, v) : DΓ (N) −→ D̄Γ (N) , the torsion tensor fields: R

(1)

i
jk, R

(2)
ijk, B

(1)
j
ik, B

(1)

i
jk, B

(2)
ijk,

T i
jk , Si

jk, Si
jk, P

(1)

i
jk, P

(2)

i
jk are transformed as follows:



R̄
(1)

i
jk = R

(1)

i
jk, R̄

(2)
ijk = R

(2)
ijk,

B̄
(1)

i
jk = B

(1)

i
jk, B̄

(2)

k
ij = B

(2)

k
ij ,

B̄
(1)

i
j
k = B

(1)

i
j
k, B̄

(2)
ijk = B

(2)
ijk,

T̄ i
jk = T i

jk + 1
2Ajk

{
σjδ

i
k

}
,

S̄i
jk = Si

jk + 1
2Ajk

{
τjδ

i
k

}
,

S̄i
jk = Si

jk + 1
2Ajk

{
vjδk

i

}
,

P̄
(1)

i
jk = P

(1)

i
jk + 1

2

(
−σkδ

i
j + gjkg

imσm

)
,

P̄
(2)

i
jk = P

(2)

i
jk − 1

2

(
−σjδ

i
k + gjkg

imσm

)
.

(4.16)

We denote with:

t
(1)

i
jk = Ajk

{
∂N i

j

∂yk

}
, t
(2)

j
ik = Ajk

{
∂N i

j

∂pk

}
, t
(3)

i
jk = Ajk

{
∂Njk

∂pi

}
, (4.17)

and with: 

t
(1)

∗
ijk = Σijk

{
gim t

(1)

m
jk

}
,

t
(2)

∗
ij

k = Σijk

{
gim t

(2)
j
mk

}
,

t
(3)

∗
ijk = Σijk

{
gim t

(3)

m
jk

}
,

T ∗
ijk = Σijk

{
gimTm

jk

}
,

R
(1)

∗
ijk = Σijk

{
gim R

(1)

m
jk

}
,

C∗
ijk = Σijk

{
gimCm

jk

}
,

(4.18)
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P
(1)

∗
ijk = Σijk

{
gim P

(1)

m
jk

}
,

P
(2)

∗
ijk = Σijk

{
gim P

(2)

m
jk

}
,

S∗
ijk = Σijk

{
gimSm

jk

}
,

B
(1)

∗
ijk = Σijk

{
gimB

(1)

m
jk

}
,

1
B∗

ijk = Σijk

{
gimAjk

{
B
(1)

m
jk

}}
,

2
B∗

ijk = Σijk

{
gimAjk

{
B
(2)

m
jk

}}
,

(4.19)

where Σijk {...} denotes the cyclic summation and with:

1
K
(1)

ijk = −gkmTm
ij +Aij

{
gim P

(1)

m
jk

}
,

1
K
(2)

ijk = gimTm
jk −Ajk {gkmHm

ij} ,

2
Kijk = gimSm

jk −Ajk {gkmCm
ij} ,

3
Kijk = Ajk

{
gkm

(
1
2 P
(1)

m
ij + P

(2)

m
ij

)}
,

4
Kijk = gjmCm

ik + gimCm
jk,

1
ϕijk = Aij

{
gimB

(1)

m
jk

}
2
ϕijk = Ajk

{
gjmAik

{
B
(1)

m
ik

}}
,

3
ϕijk = Aik

{
−gjm P

(2)

m
ik − gkm P

(1)

m
ij

}
.

(4.20)

Remark 4.1. It is noted that t
(1)

∗
ijk, t

(2)

∗
ij

k, t
(3)

∗
ijk, T

∗
ijk, R

(1)

∗
ijk, S

∗
ijk,

1
B∗

ijk,
2
B∗

ijk are

alternate,
1
K
(1)

ijk,
1
ϕijk are alternate with respect to i, j,

1
K
(2)

ijk,

2
Kijk,

3
Kijk,

2
ϕijk are alternate with respect to j, k and

3
ϕijk is alternate with respect to i, k.

Theorem 4.5. The tensor fields: R
(1)

i
jk, R

(2)
ijk, B

(1)
j
ik, B

(2)
ijk, t

(1)

i
jk, t

(2)
j
ik, t

(3)

i
jk, t

(1)

∗
ijk,

t
(2)

∗
ij

k, t
(3)

∗
ijk, T

∗
ijk, R

(1)

∗
ijk, C

∗
ijk, P

(1)

∗
ijk, P

(2)

∗
ijk, S

∗
ijk, B

(1)

∗
ijk,

1
B∗

ijk,
2
B∗

ijk,
1
K
(1)

ijk,
1
K
(2)

ijk,

2
Kijk,

3
Kijk,

4
Kijk,

1
ϕijk,

2
ϕijk,

3
ϕijk are invariants of the group

ms
T N .

Proof. By means of transformations of the torsion given in (4.16) and using the notations:
(4.17), (4.18), (4.19) (4.20) by direct calculation, from (4.1) we obtain the results.
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Theorem 4.6. Between the invariants in Theorem 4.5 the following relations exist:

Σijk

{
1
K
(1)

ijk

}
= −T ∗

ijk +Aij

{
P
(1)

∗
ijk

}
= t

(1)

∗
ijk, (4.21)

Σijk

{
1
K
(2)

ijk

}
= 0, (4.22)

Σijk

{
2
Kijk

}
= 0, (4.23)

Σijk

{
3
Kijk

}
= 3

2T ∗
ijk + 1

2 t
(1)

∗
ijk + t

(3)

∗
ijk, (4.24)

Σijk

{
4
Kijk

}
= C∗

ijk + C∗
ikj , Aij

{
4
Kijk

}
= 0, (4.25)

Σijk

{
1
ϕijk

}
= B

(1)

∗
ijk − B

(1)

∗
ikj = Ajk

{
B
(1)

∗
ijk

}
, (4.26)

Σijk

{
2
ϕijk

}
= −2

(
B
(1)

∗
ijk − B

(1)

∗
ikj

)
= −2Ajk

{
B
(1)

∗
ijk

}
, (4.27)

Σijk

{
3
ϕijk

}
= P

(2)

∗
ijk − P

(1)

∗
ijk + P

(1)

∗
ikj − P

(2)

∗
ikj = −

(
1
B∗

ijk +
2
B∗

ijk

)
. (4.28)

Proof. Using notations (4.17) , (4.18) , (4.19), (4.20) Remark 4.1 and the definitions of the
torsion d−tensor fields given in [8] - p.256 and - 273, by direct calculations we obtain the
results.
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Lagrange spaces, Kluwer Academic Publisher, FTPH, 118, 2001.
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