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Abstract

In this paper we present the distinguished (d-) curvatures for a Lagrangian
inspired by relativistic optics in non-uniform media.
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1 Introduction

In geometrical optics [5], a special role is played by the Synge-Beil metric (see
[1], [2], [4], [7]–[11])

gαβ(x, y) = ϕαβ(x) + γ2yαyβ, (1)

where γ(x) ≥ 0 is a positive smooth function on the space-time M4, and ϕαβ(x) is
a pseudo-Riemannian metric on M4. One assumes that the manifold M4 (which
is connected, simply connected and has dimM4 = 4) is endowed with the local
coordinates (xα)α=1,4 =

(
x1 = t, x2, x3, x4

)
; for simplicity we use the system of

units where the light velocity is c = 1. Obviously, the following rule holds: yα =
ϕαµy

µ. Since the components of ϕαβ(x) are dimensionless, the same are γyα; so
we have [ϕαβ(x)] = 1, [γyα] = 1.

In such a context, let us restrict our geometric-physical study to the Minkowski
manifold M4 =

(
R4, ηij

)
which has the local coordinates (x) :=

(
xi
)
i=1,4

. It

follows that the dimension of the corresponding tangent bundle TR4 is equal to
eight, and its local coordinates are3

(x, y) := (xi, yi)i=1,4 = ( x1, x2, x3, x4︸ ︷︷ ︸
space-time coordinates

, y1, y2, y3, y4︸ ︷︷ ︸
tangent vector

).
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Emerging from formula (1), we introduce the following metric on TR4, which is
inspired by the J.L. Synge optics framework for the non-uniform medium:

gij(x, y) = ηij + γ2(x)yiyj , (2)

where η = (ηij) = diag (−1, 1, 1, 1) is the Minkowski metric, and yi = ηiry
r.

Usually, we have γ2(x) = n2(x)− 1, where n = n(x) is the refractive index of the
non-uniform medium (see [2], [7]–[10]). Using the metric (2), in what follows we
will examine the special case of a possible anisotropic relativistic dynamical model
(suggested in private discussions by physicist V.M. Red’kov), which is governed
by the Lagrangian (in this model one considers that the particle has the mass
m = 1) (see also [9])

L(x, y) =
1

2
gij(x, y)yiyj

=
1

2
(ηij + γ2yiyj)y

iyj

=
1

2
ηijy

iyj +
γ2

2
||y||4,

(3)

where ||y||2 = −(y1)2 + (y2)2 + (y3)2 + (y4)2 = ηijy
iyj .

Remark 1. Suppose that the refractive index n(x) is invariant with respect to
Lorentz transformations. Since the Minkowski metric ηij is invariant with respect
to the linear transformations of coordinates induced by the Lorentz group O(3, 1),
it immediately follows that the Lagrangian (3) has a global geometrical character
with respect to these Lorentz transformations.

Remark 2. A similar 3-dimensional anisotropic non-relativistic Lagrangian in
which the Minkowski metric (ηij)i,j=1,4 is replaced with Euclidian metric (δij)i,j=1,3
is studied by Neagu, Oana and Red’kov in paper [10]. That Lagrangian is invari-
ant with respect to the orthogonal group O(3) and governs the non-relativistic
extended dynamics.

Following the geometrical ideas from Lagrangian geometry of tangent bundles
[6] or jet bundles [3], we further construct the pseudo-Riemann-Lagrange geomet-
rical objects, such as the canonical nonlinear connection, the Cartan canonical
linear connection, together with its d-torsions and d-curvatures, naturally associ-
ated with the Lagrangian (3).

2 Geometrical objects in relativistic extended
dynamics

The Lagrangian (3) produces the fundamental metrical distinguished tensor

gij(x, y) =
1

2

∂2L

∂yi∂yj
= σ(x, y)ηij + 2γ2(x)yiyj ,
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where σ(x, y) = (1/2) + γ2(x)||y||2. Working on the domains of TR4 in which
σ(x, y) 6= 0 and τ(x, y) = (1/2)+3γ2(x)||y||2 6= 0, then the inverse matrix [g−1] =
(gjk)j,k=1,4 has the components

gjk(x, y) =
1

σ(x, y)
ηjk − 2γ2(x)

σ(x, y) · τ(x, y)
yjyk,

where ηjk = ηjk.
Following the Miron and Anastasiei geometrical ideas from the book [6], we

deduce that, for the anisotropic Lagrangian (3), the associated canonical nonli-

near connection N =
(
N i
j

)
on the tangent bundle TR4 has the local components

(these are computed in [9])

N i
j =

2γ

σ
yiyjγ0 +

γ||y||2

σ

(
δijγ0 + yiγj − γiyj −

2γ2

σ
yiyjγ0 −

6γ2

τ
yiyjγ0

)

+
γ3||y||4

2σ

[
1

σ
γiyj −

3

τ
yiγj −

3

τ
δijγ0 +

6γ2

στ2
(τ + 3σ) yiyjγ0

]
,

(4)

where γs = ∂γ/∂xs, γrs = ∂2γ/∂xr∂xs and γi = ηirγr, γ0 = γry
r.

Remark 3. In a uniform medium with the constant refractive index n(x) = n ∈
[1,∞), we have γs = 0. Consequently, in this case we have N i

j = 0.

The nonlinear connection (4) produces the dual adapted bases of d-vector fields{
δ

δxi
=

∂

∂xi
−N r

i

∂

∂yr
;

∂

∂yi

}
⊂ X(TR4) (5)

and of d-covector fields{
dxi ; δyi = dyi +N i

rdx
r
}
⊂ X∗(TR4). (6)

The description of all geometrical objects on the tangent space TR4 (e.g., the
Cartan canonical linear connection and its torsion and curvature) will be made in
local adapted components, with respect to the adapted bases (5) and (6).

For instance, by using the derivative operators (5) and the notations Nij :=
N r
i ηrj , N

i
0 = N i

ry
r, Ni0 := Niry

r, N0j := Nrjy
r, N00 := Nijy

iyj , by direct local
computations, we find the adapted local components of the Cartan canonical
connection CΓ(N) = (Lijk, C

i
jk) associated with the Lagrangian (3), which are

computed in [9]:

Lijk = −γ
σ

[
γ
(
δijNk0 + δikNj0 − ηirηjkNr0

)
+ ||y||2

(
ηjkγ

i − δijγk − δikγj
)

+

+γ
{

(Njk +Nkj) y
i +
(
N i
k − ηirNrk

)
yj +

(
N i
j − ηirNrj

)
yk
}

+

+2
(
γiyjyk − yiyjγk − yiykγj

)]
+

2γ3yi

στ
[γ (yjNk0 + ykNj0 − ηjkN00) +

+||y||2 (δjkγry
r − yjγk − ykγj) + 2

(
yjykγry

r − yjγk||y||2 − ykγj ||y||2
)

+

+γ
{

(Njk +Nkj) ||y||2 + (Nk0 −N0k) yj + (Nj0 −N0j) yk
}]
, (7)
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Cijk =
γ2

σ

(
yiηjk + δijyk + δikyj

)
− 2γ4

στ

(
||y||2ηjk + 2yjyk

)
yi. (8)

Moreover, the local components of the torsion tensor of the Cartan canonical
N -linear connection produced by the anisotropic optical Lagrangian (3) are given
by Rijk, P

i
jk, C

i
jk, where (these are also computed in [9])

Rijk = yi (yjγ0k − ykγ0j)ϕ+ (δijγ0k − δikγ0j)ε+ ηis(γskyj − γsjyk)ω

+yi(yjγk − γjyk)(γsγs)[7ϕγ −
6
τ2
− 18ϕε+ ϕ2 ‖y‖2 + 2ϕω − εφ ‖y‖2]

+(δijγk − δikγj)(γsγs)[
2ε
γ −

‖y‖2
στ − 9ε2 − ϕε ‖y‖2]

+γi(yjγk − γjyk)[ωγ + 2‖y‖2
σ2 + 2ω

στ + εγ‖y‖2
2σ3 + ω2]

−(δijyk − δikyj)(γsγs)2ϕ(ϕ ‖y‖2 + ω + ε)− (δijyk − δikyj)(γsγs)ωε,

P ijk = yiyjykγ0[12ϕγ2τ( 1
σ − σ

2)− 9γ3

σ2τ
− 4γ3

στ ] + (δijyk + δikyj)γ0ϕ

+yi(yjγk + γjyk)[ϕ− 2γ
σ + 6γ3‖y‖2

στ ] + yiηjkγ0[ϕ− 2γ3‖y‖2
στ ]

+(δijγk + δikγj)(−
3γ3‖y‖4

2στ ) + γiηjk
γ3‖y‖4
2σ2 + γiyjyk

γ(4σ2−1)
2σ3

+(δijNk0 + δikNj0 − ηiiηjkNi0)
γ2

σ − y
i(Nkj +Njk)(

2γ4

στ −
γ2

σ )

+[(N i
j − ηiiNij)yk + ((N i

k − ηiiNik)yj)]
γ2

σ

−(yiNj0yk + yiyjNk0)
4γ4

στ + (yiηjkN00 + yiyjN0k + yiN0jyk)
2γ4

στ ,

where

α = 12ϕγ2τ ||y||2
(
1
σ − σ

2
)
− 9γ3||y||2

σ2τ
+ 2ϕ− γ

2σ3 ,

ε = γ‖y‖2(2τ+1)
4στ , ϕ = γ(12σ2−6σ+1)

4σ2τ2
,

φ = γ3(12σ−3)
σ3τ2

− 12σ2γ2ϕ
τ , ω = −γ‖y‖2(2σ+1)

4σ2 .

In the sequel, note that the local components of the curvature tensor of a
general Cartan canonical N -linear connection, are given by the general formulas
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(see Miron-Anastasiei’s book [6])

Rijkl =
δLijk
δxl
−
δLijl
δxk

+ LrjkL
i
rl − LrjlLirk + CijrR

r
kl

P ijkl =
∂Lijk
∂yl

− Cijl|k + CijrP
r
kl,

Sijkl =
∂Cijk
∂yl

−
∂Cijl
∂yk

+ CrjkC
i
rl − CrjlCirk,

where

Cijl|k
def
=
δCijl
δxk

+ CrjlL
i
rk − CirlLrjk − CijrLrlk.

Consequently, as a novelty of this paper, using the formulas (4), (7), (8) and
the derivative operators (5), after very laborious and complicated calculations, we
get that the Cartan canonical N -linear connection produced by the anisotropic
optical Lagrangian (3) is characterized by three effective local curvature d-tensors,

namely Rijkl, P
i
jkl, S

i
jkl, where

Rijkl = yiyj (ykγl − γkyl)
{

(γ0)
2
[(
ω + ε+ ϕ ‖y‖2

)
T2 − εT1

]
+N00

4γ5(4γ3−1)
σ2τ2

}
+yiyj (γkyl − ykγl) γ0

[
2
(
ϕ− 6γ2

) γ
στ + (ω − 2ε)T3 + γ2

σ

(
4γ
τ + ϕ

)
(ω − 3ε)−

−A− 16ϕγ2 − 8ϕ
στ2
− 4γ4

στ

(
A ‖y‖2 + B + 2C

)
+ R1

γ2(τ−σ)
στ + ϕT7

+
(
R1 ‖y‖2 + R2 + R3

)
4γ4

στ

]
+yiyj (ykγ0l − γ0kyl)

[
ϕστ+γ

2(σ+τ)
στ + 4γ3

στ (1 + ω)− 2γ2σ(2τ+1)
σ2τ2

]
+yiyj (Nk0N0l −N0kNl0)

8γ6(γ2−τ)
σ2τ2

+yiyj (N0kyl − ykN0l) γ0

[(
ϕ ‖y‖2 + ω + ε

)
4γ6(2τ+1)
σ2τ2

− ϕ6γ4

στ

+
4γ5(στ−‖y‖2+2γ2−τ)

σ2τ2

]
+yiyj (N0kγl − γkN0l)

[
8ϕγ3 − 4γ2

στ2
− 8γ3

στ + ε6γ
4

στ − ε ‖y‖
2 4γ6(2τ+1)

σ2τ2
+ 2γ5

σ2τ2

]
+yiyj (Nk0γl − γkNl0)

{
16γ3

στ − 16ϕγ3 + 8γ2

στ2
− ε12γ

4

στ + ε8γ
6‖y‖2(2τ+1)
σ2τ2

γ0

−γ3(1−σ)
σ2τ

− γ3[(4σ−1)τ−2γ2+16γ5‖y‖2]
σ2τ2

}
− yiyj (Nk0yl − ykNl0)N00

16γ8

σ2τ2

+yiyj (Nk0yl − ykNl0) γ0

{(
ϕ ‖y‖2 + ω + ε

)
8γ6(2τ+1)
σ2τ2

− ϕ12γ4

στ

+
γ5[(4+27γ2)‖y‖2+8σ]

σ2τ2
− 4γ5

σ2τ

}
+yiyj (Nrkγ

ryl − ykNrlγ
r)ω 2γ4

στ − y
iyj (Nkrγ

ryl − ykNlrγ
r)ω 4γ4

στ

+yiyj (Nrkyl − ykNrl)

[
γr

γ3(4γ2−2τ−1)
σ2τ

+ ηrrNr0
4γ6

σ2τ

]
+yiyj (Nkryl − ykNlr) γ

r 2γ
3(2γ2−τ)
σ2τ

+ yiyj (NrkNlr −NkrNrl) η
rr γ

4(2γ2−τ)
σ2τ

+yiyj [(Nrk +Nkr)N
r
l − (Nrl +Nlr)N

r
k ]

γ4(2γ2−τ)
σ2τ
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+yiyj (N r
kyl − ykN r

l )
(
γr γ

3

σ2τ
+Nr0

4γ6

σ2τ

)
+yiyj (Nkl −Nlk)

(
4γ6N00

σ2τ
− γ0ε6γ

4

στ

)
+yiγj (ykγl − γkyl)

[
C
2γ4(1−‖y‖2)

στ − 18γ2‖y‖2
στ − 24ϕγ2 ‖y‖2 + 12γ‖y‖2

στ2

+εγ
2(ε−ω)
σ + R3

γ2

τ + 2(1−σ)
σ2 + γ2‖y‖2

σ2τ2
+ T7 (2ω − ε)− T3ε ‖y‖2 − 2γ(ε−ω)

στ

]
+yiγj (N0kyl − ykN0l)

[
ω 2γ4

στ +
γ3(2γ2−σ)

σ2τ2

]
+
(
yiγjlyk − γjkyl

) [2γ4ω(1−‖y‖2)
στ + γ

στ + ω γ
2

τ

]
−yiγj (Nk0yl − ykNl0)

[
ω 4γ4

στ +
γ3(7σ−3−2γ2+16γ5‖y‖2)

σ2τ2

]
+yiNj0 (ykγl − γkyl)

[
16γ3

στ − 16ϕγ3 + 8γ2

στ2
− ε12γ

4

στ + ε8γ
6‖y‖2(2τ+1)
σ2τ2

γ0

+ω 2γ4

στ + γ3(σ+τ)
στ2

]
+yiNj0 (Nk0yl − ykNl0)

8γ6(τ−γ2)
σ2τ

− yiNj0 (N0kyl − ykN0l)
2γ6(4γ2−7σ+2)

σ2τ2

+yiN0j (ykN0l −N0kyl)
4γ8(||y||2−1)

σ2τ2
+ yiN0j (ykNl0 −Nk0yl)

2γ6(2σ−2γ2+τ)
σ2τ

+yiN0j (ykγl − γkyl)
[
8ϕγ3 + γ2(γ−4)

στ2
− 8γ3

στ + 2(3ε+ω)γ4

στ

−ε ‖y‖2 4γ6(2τ+1)
σ2τ2

+ 2γ5

σ2τ2

]
+yi (Njkyl − ykNjl) γ0

[(
ϕ ‖y‖2 + ω + ε

)
T5 + ε4γ

4

στ

+ϕ
γ2(2γ2−τ)

στ +
2γ3τ(2γ2−τ)

σ2τ2

]
+yi (ηjkγl − γkηjl) γ0

[
B + 6γ2||y||2

στ − 8ϕγ2 ||y||2 + 4γ||y||2
στ2

−2γ4||y||2
στ

(
A ||y||2 + B + C

)
− ε2γ

3||y||2
στ + ε

(
ω + ϕ ||y||2

)
γ2

σ − ε ||y||
2 T4

+εT7 − εT6 + R2
γ2

τ + (2σ−1)(2σ−2στ−1)
2σ2τ2

]
+yi (ηjkγ0l − γ0kηjl)

[
γ2

τ

(
ω + 2ε+ ϕ ||y||2

)
+ 2γ3||y||2

στ + ε
γ2(2γ2−τ)

στ

]
+yi (ηjkγl − γkηjl)N00

{
8ϕγ3 − 4γ2(1+2γτ)

στ2
+ εγ

4(6στ−4σ+4)
στ − 2εT6

+γ3[1−σ−τ(4σ−2)]
σ2τ2

}
−yi (ηjkyl − ykηjl) γ0N00

[(
ω + 2ε+ ϕ ||y||2

)
4γ6(1+2τ)
σ2τ2

− 6ϕγ4

στ + 12γ5τ
σ2τ2

]
−yi (ηjkyl − ykηjl) (γ0)

2
[
ϕT6 +

(
ω + ε+ ϕ ||y||2

)
T4 − γ2

σ

(
ω + ϕ ||y||2

)
−εT3 + 2ϕγ3||y||2

στ + R4
γ2

τ + 12γ4||y||2(2σ−1)
σ2τ2

]
−yi (ηjkyl − ykηjl) γ0

(
ωT6 + ωεγ

2

τ + γ2‖y‖2
σ2τ

)
+yi (ηjkyl − ykηjl) (N0rγ

r)
(
2γ4ω
στ + 2γ5‖y‖2

σ2τ

)
+yi (ηjkyl − ykηjl) (Nr0γ

r)
[
ω 2γ4

στ + 2γ(3−4σ)−2σ+1
2σ2τ

]
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+yi (ηjkyl − ykηjl)
[
ηrr (Nr0)

2 4γ6

σ2τ
− ηrrNr0N0r

2γ6

σ2τ

]
+yi (ηjkN0l −N0kηjl) γ0

(
2γ4ε
στ + 4γ7‖y‖2

σ2τ2

)
+yi (ηjkN0l −N0kηjl)N00

4γ8(‖y‖2−1)
σ2τ2

+yi (ηjkNl0 −Nk0ηjl) γ0

(
2γ4ε
στ + 8σγ7‖y‖2

σ2τ2

)
+yi (ηjkNl0 −Nk0ηjl)N00

4γ6(σ+2τ−γ2)
σ2τ2

+yi (δjkyl − δjlyk) (γ0)
2 4γ3ε

στ + yi (δjkγl − δjlγk) γ0 γεστ
+yi [ηjk (Nlr +Nrl)− ηjl (Nrk +Nkr)]

[
ηrrNr0

γ4(2γ2−τ)
σ2τ

− γr γ
3||y||2(2γ2−τ)

σ2τ

]
−yi (δjkN0l − δjlN0k) γ0

2εγ4

στ + yi (δjkNl0 − δjlNk0) γ0
4γ4

στ

+yi [(Njk +Nkj)Nl0 − (Njl +Nlj)Nk0]
γ4(2γ2−τ)(2γ2+σ−1)

σ2τ2

+yi [(Njk +Nkj)N0l − (Njl +Nlj)N0k]
γ4(2γ2−τ)(2γ2−5σ+2)

σ2τ2

+N i
j (ykγl − γkyl)

[
(ε− ω) γ

2

σ −
2γ4ε||y||2

σ2 + 2γ3||y||2
σ2

]
−
(
N i
kyjyl −N i

l yjyk
)
γ0

[(
ϕ ||y||2 + ω + ε

)
2γ4

σ2 − ϕγ
2

σ

]
+
(
N i
kyjγl −N i

l yjγk
) (γ3||y||2(2τ+1)

σ2τ
− 2γ4ε||y||2

σ2

)
+
(
N i
kyjNl0 −N i

l yjNk0

) γ4(σ−1)
σ2τ

+
(
N i
kyjN0l −N i

l yjN0k

) γ4
στ

+
(
N i
kγjyl −N i

l γjyk
) (
ω γ

2

σ + γ3||y||2
σ2τ

)
+
(
N i
kγjγl −N i

l γjγk
) (
εγ

2

σ + 2γ3

στ

)
+
(
N i
kNj0yk −N i

lNj0yl
) [ γ2

σ2 + γ4(σ−1)
σ2τ

]
+
(
N i
kNj0yk −N i

lNj0yl
) γ4
στ

+
[
N i
k (Njl +Nlj)−N i

l (Njk +Nkj)
] γ4||y||2(2γ2−τ)

σ2τ

+N i
ryj (N r

kyl − ykN r
l ) γ

4

σ2 +N i
ryj (Nrkyl − ykNrl)

γ4

σ2

+
(
N i
kηjl −N i

l ηjk
){[

εγ
2

σ −
γ3||y||2(5σ−2)

σ2τ

]
γ0 + γ4

στN00

}
+N i

r (ykηjl − ηjkyl)
[
ηrrNr0

γ4

σ2 − γr γ
3||y||2
σ2

]
+N i

0yj (N0kyl − ykN0l)
2γ6

σ2τ

+N i
0yj (ykγl − γkyl) γ3

σ2τ
+N i

0yj (ykNl0 −Nk0yl)
4γ6

σ2τ

+N i
0 [yk (Njl +Nlj)− (Njk +Nkj) yl]

γ4(2γ2−τ)
σ2τ

+N i
0 (ηjkyl − ykηjl)

(
2γ6

σ2τ
N00 + 2γ5‖y‖2

σ2τ
γ0

)
+γiyj (ykγl − γkyl)

[
4γ2||y||2
σ2 − 2γ4C

σ2 − ω γ
στ + 2γ

σ (ω − 2ε)−

−2ε (ω − ε) γ
2

σ + ε ||y||2 T10 + R3
γ2

σ +
γ2||y||2(1+2τ+2τ2)

σ2τ2

]
+γiyj (Nkl −Nlk)

2γ3||y||2
σ2 − γiyj (ykN0l −N0kyl)

(
ω 2γ4

στ + γ3

σ2τ

)
−γiyj (ykNl0 −Nk0yl)

(
ω 4γ4

στ + 2γ3(1−τ)
σ2τ

)
−γi (δjkyl − ykδjl) γ0ε2γσ + γi (ηjkyl − ηjlyk)N00

2γ3(ωσ−γτ)
σ2τ

+γi (ηjkyl − ηjlyk) γ0
{(
ϕ ||y||2 + ω + ε

)
T10 − ω

(
ω + ||y||2

)
γ2

σ

−ε (ε− ω) γ
2

σ + ω2 2γ
3||y||2
στ − γ2

σ2τ

}
+ γi (ηjkNl0 − ηjlNk0)

γ2||y||2(1−2γ)
σ2
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+γi (ηjkγl − ηjlγk)
[
(σ−1)||y||2

σ2 + γ2||y||4
σ2 − ε ||y||2 T10

]
−γi [(Njk +Nkj) yl − (Njl +Nlj) yk]

[
ω
γ2(2γ2−τ)

στ − 2γ3||y||2(3γ2−τ)
σ2τ

]
+ηiiNi0 (ηjkγl − ηjlγk)

[
γ2||y||2(γ−2)

σ2 + γ
σ2 + εγ2(3σ−1)

σ2

]
−ηiiNi0 (ηjkyl − ηjlyk) γ0

{
4γ6

σ2τ
N00 −

[(
ϕ ||y||2 + ω + ε

)
γ4

σ2 + ϕγ
2

σ

]}
+ηiiNi0 (ηjkNl0 − ηjlNk0)

γ2

σ2 + ηiiNi0yj (Nk0yl − ykNl0)
4γ6

σ2τ

+ηiiNi0yj (γkyl − ykγl) γ
3(1+τ)
σ2τ

− ηiiNi0yj (Nkl −Nlk)
2γ4

σ2

+ηiiNi0yj (ykN0l −N0kyl)
2γ6(1+||y||2)

σ2τ
+ ηiiNi0N0j (ykNl0 −Nk0yl)

2γ6||y||2
σ2τ

+ηiiNi0 (Njlyk −Njkyl)
γ2(τ ||y||2−2γ4)

σ2τ
+ηiiNi0 (Nljyk −Nkjyl)

γ2(τ ||y||2+2γ2τ−2γ4)
σ2τ

+ηiiNiryj (Nrkyl − ykNrl) η
rr γ4

σ2 − ηiiNiryj (N r
kyl − ykN r

l ) ηrr γ
4

σ2

+ηiiNir (ηjkyl − ηjlyk)
(
ηrrNr0

γ4

σ2 − γr γ
r||y||2
σ2

)
+ηiiNij (ykγl − γkyl)

[
ω γ

2

σ + ε2γ
4||y||2
σ2 − εγ

2

σ −
2γ3||y||2
σ2

]
−ηii (Nikyjyl −Nilyjyk) γ0

[
ϕγ

2

σ −
2γ3

στ −
(
ϕ ||y||2 + ω + ε

)
2γ4

σ2

]
+ηii (Nikyjγl −Nilyjγk)

[
ε2γ

2||y||2
σ2 − γ3||y||2(4γ3+1)

σ2τ
− εγ

2

σ −
2γ3||y||2
σ2τ

]
−ηii (NikyjN0l −NilyjN0k)

γ4

στ + ηii (NikyjNl0 −NilyjNk0)
γ4

στ

+ηii (NikNj0yl −NilNj0yk)
γ4

στ − η
ii (NikN0jyl −NilN0jyk)

γ4

στ

−ηii [Nik (Njl +Nlj)−Nil (Njk −Nkj)]
γ4||y||2(2γ2−τ)

σ2τ

−ηii (Nikηjl −Nilηjk)
{
γ0

[
ε2γ

2

σ −
γ3||y||2(5σ−2)

σ2

]
+N00

γ4

στ

}
−ηii (Nikγjyl −Nilγjyk)ω

γ2

σ + ηiiNir (ηjkyl − ηjlyk) γrω γ
2

σ

−
(
ηirγrlyjyk − ηirγrkyjyl

) (2γ
σ −

ωγ2

σ

)
+
(
ηiiηijykγl − ηiiηijγkyl

)
γ0

γ2

σ

[
B− 2ε

(
ϕ ||y||2 + ε

)]
+
(
ηiiηijykγ0l − ηiiηijγ0kyl

)
εγ

2

σ

−
(
ηirηjkγrl − ηirηjlγrk

) γ||y||2
σ −

(
ηiiηikyjyl − ηiiηilyjyk

)
(γrγr) εω

γ2

σ

−
(
ηiiηikyjyl − ηiiηilyjyk

)
(γ0)

2 ϕγ
2

σ

(
ϕ ||y||2 + ω

)
+
(
ηiiηikyjγl − ηiiηilyjγk

)
γ0

γ2

σ

[
B− ε

(
ϕ ||y||2 + 2ε− ω

)]
+
(
ηiiηikyjγ0l − ηiiηilyjγ0k

)
εγ

2

σ +
(
ηiiηikγjyl − ηiiηilγjγk

)
εω γ

2

σ

−δij (ykγl − γkyl) γ0 γ
2

σ

[
A ||y||2 + 2B + C + ϕ (ω − 4ε) ||y||2 − αε ||y||2

−ωε+ +ω2 − 4ε2 +
(
ϕ ||y||2 + ω + ε

)
T9 + R2 + R3 − R1 ||y||2

]
−δij (ykγ0l − γ0kyl) εγ

2

σ − δ
i
j (Nk0yl − ykNl0) γ0

γ2

σ

[(
ϕ ||y||2 + ω + ε

)
2γ2

σ − ϕ
]

−δij (Nk0γl − γkNl0)
γ2[ε(1−σ)+||y||2(1−γ)]

σ2 + δij (Nkryl − ykNl0) γ
r ωγ2

σ

+
(
δikyjyl − δilyjyk

)
(γ0)

2
[
γ2

σ (α+ 2ϕ)
(
ϕ ||y||2 + ω + ε

)
+
(
ϕ ||y||2 + ε

)
ϕ
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+ε4γτ + R4
γ2

σ −
4γ4||y||2
σ2τ

]
+
(
δikyjyl − δilyjyk

)
(γrγr)

[(
ϕ ||y||2 + ε

)
ω γ

2

σ + 2γ2||y||2
σ2

]
+
(
δikyjyl − δilyjyk

) ( 4γ5

σ2τ
γ0N00 − 2γ3

σ2 γ
rNr0

)
+
(
δikyjγl − δilyjγk

)
γ0

{
γ2

σ

[
R2 −

(
A ||y||2 + 2B + C

)]
−γ2

σ ε
(

4ϕ ||y||2 + ω + 4ε+ α+ 1
)
− γ2||y||2

σ2τ

}
+
(
δikyjγl − δilyjγk

)
N00

γ3

σ2τ

+
(
δikyjNl0 − δilyjNk0

) (
ε4γ

4

στ +N00
4γ6

σ2τ
− γ0 4γ

5||y||2
σ2τ

)
−
(
δikyjN0l − δilyjN0k

) [
γ0

(
ε2γ

4

στ −
2γ5||y||2
σ2τ

)
+ 2γ6

σ2τ
N00

]
+
(
δikyjN

r
l − δilyjN r

k

) (
γr

γ3||y||2
σ2 −Nr0

γ4

σ2

)
+
(
δikyjNrl − δilyjNrk

) (
ηrrNr0

γ4

σ2 − γr γ
3||y||2
σ2

)
−
(
δikyjγ0l − δilyjγ0k

) γ2
σ

(
ϕ ||y||2 + ω + ε

)
−
(
δikN0jyl − δilN0jyk

) [
γ0

(
ε2γ

4

στ −
2γ5||y||2
σ2τ

)
+N00

2γ6

σ2τ

]
−
(
δikNj0γl − δilNj0γk

) ( γ
σ2 − γ2||y||2

σ2 − ε γσ + ε2γ
4||y||2
σ2

)
−
(
δikNj0yl − δilNj0yk

)
γ0

[
2γ4

σ2

(
ϕ ||y||2 + ω + ε

)
− ϕγ

2

σ + ε4γ
4

στ + 4γ5||y||2
σ2τ

]
+
(
δikNj0yl − δilNj0yk

)
N00

4γ6

σ2τ
−
(
δikNj0Nl0 − δilNj0Nk0

) γ4
σ2

−
(
δikNjl − δilNjk

){
γ0

[
γ3||y||2(2γ2−τ)

σ2τ
− ε2γ

4

στ

]
+N00

γ2||y||2
σ2

}
−
(
δikNlj − δilNkj

){
γ0

[
γ3||y||2(2γ2−τ)

σ2τ
− ε2γ

4

στ

]
+N00

γ2||y||2
σ2

}
+
(
δikN

r
j yl − δilN r

j yk

) [
γr

(
ω γ

2

σ + γ3||y||2
σ2

)
−Nr0

γ4

σ2

]
−
(
δikNrjyl − δilNrjyk

)
Nr0

γ4

σ2

−
(
δikγjyl − δilγjyk

)
γ0

{[
T8

(
ϕ ||y||2 + ω + ε

)
+ ω

(
γ + ϕ ||y||2

)](
−γ2

σ

)
+ε
(
εγ

2

σ −
γ
στ

)
+ γ2||y||2

σ2τ

}
+
(
δikγjyl − δilγjyk

)
N00

γ3

σ2τ

+
(
δikγjγl − δilγjγk

) [ (1−σ)||y||2
σ2 − ε ||y||2 T8 − γ2||y||4

σ2

]
−
(
δikγjNrl − δilγjNrk

)
γr γ

3||y||2
σ2 +

(
δikγjNl0 − δilγjNk0

) γ3||y||2
σ2

+
(
δikγjl − δilγjk

) γ||y||2
σ

−
(
δikηjl − δilηjk

) [
γ0N00

2γ4(σε−2γ||y||2)
σ2τ

+ (γ0)
2 2γ3||y||2(σε−γ||y||2)

σ2τ

]
−
(
δikηjl − δilηjk

) [
(N00)

2 2γ6

σ2τ
− γ2||y||2(1+γ)

σ2 − ηrr (Nr0)
2 γ4

σ2 − γ2||y||4
σ2 (γrγr)

]
,

P ijkl = yiyjykyl

{
γ0

[
3γ2M(τ−σ)

στ + 4Mγ4

στ − 2ϕγ
2

σ + 8γ5(2τ+1)
σ2τ2

+ α8γ4

στ −
4ϕγ4

στ

−4γ5(4σ2−1)
2γ4τ

− 4γ5

σ2τ
+ 12γ5(1−2σ)

σ2τ2

]
+ γ3(τ+2σ−8γϕ)

σ2τ2

}
+yiyj (ykγl − γkyl)

{(
ϕ− γ

2σ3

) (2γ4

στ −
γ2

σ

)
+
(
ϕ+ γ

2σ3

) (
−γ2

σ

)
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+
(
ε+ β + ϕ ‖y‖2

)
−
(
ω − γ‖y‖2

2σ3

)
2γ4

στ +
(
ϕ− γ

στ

) [
1 + γ2(1−σ)

στ

]
−2γ3

σ2 − 4γ5(2−3σ)
σ2τ2

+ 8εγ4

στ −
γ3(2σ−1)
σ2τ

− 27γ7‖y‖4
σ2τ2

+ γ5‖y‖2(42σ+9)
2σ2τ2

}
+yiγjykyl

[(
ϕ− γ

2σ3

) (2γ4

στ −
γ2

σ

)
+
(
ϕ+ γ

2σ3

) (
−γ2

σ

)
−2γ3(2γ2+σ+2τ)

σ2τ
+ γ5‖y‖2(9−8σ)

2σ2τ
− ω 4γ4

στ

+
(
ε+ β + ϕ ‖y‖2

)
−
(
ω − γ‖y‖2

2σ3

)
2γ4

στ +
γ3(4σ2−1)

2σ3τ

]
+yiyj (N0kyl − ykN0l)

2γ6(14τ+3−4γ2)
σ2τ2

− yiyj (Nk0yl − ykNl0)
γ6(+21τ+21+8γ2)

σ2τ2

+yi (Nkjyl −Nljyk)
2γ4(2σ+3γ2)

σ2τ
+ yiyj (Nkl −Nlk)

γ4[τ(5+2σ)−2(3+2γ2)]
σ2τ2

+yi (Njkyl −Njlyk)
2γ4(τ−9γ2)

στ2
+ yiN0j

[
ykyl

2γ6(17σ−3)
σ2τ2

+ δkl
2γ4

στ

]
−yiNj0

{
ykyl

4γ6[11σ−2(1+στ)]
σ2τ2

+ ηkl
γ4

στ + δkl
4γ4

στ

}
+yiyjηklγ0

{[
8 (1− σ) + σ−τ

στ

] γ3(16σ−7)
4σ2τ2

− 4γ7||y||4
2σ3τ

+ 2ϕ
γ2(2γ2−τ)

στ

+
(

2ω − ε+ ϕ ||y||2
)

2γ4

στ −
4γ5

σ2τ
− 2γ5||y||2

στ2

}
+ yiyjηklN00

γ6(35σ−11)
σ2τ2

+yiyjδklγ0
4γ3

στ + yi (ηjkyl − ηjlyk)
[
−2γ2

στ

(
α ||y||2 + 2ϕ ||y||2 + ω + ε

)
+4ε γ

4

στ − 8ϕγ2 − αγ
2

σ + γ3(8σ−1)
σ2τ

+
2γ2(2−γ3)

στ2
− 2γ5(5σ−1)

σ2τ2

]
+yi (δjkyl − δjlyk) γ0 4γ

3

στ + yi (ηjkyl − ηjlyk)N00
4γ6(5σ−1)
σ2τ2

+yi (ηjkyl − ηjlyk) ϕγ
2

τ − y
i (ηjkNl0 − ηjlNk0)

γ4[τ+2γ2(1+2||y||2)]
στ2

−yi (ηjkN0l − ηjlN0k)
γ4(2γ2−σ)

στ2
+ yi (δjkyl − δjlyk) γ

στ + yiγjδkl
γ
στ

+yi (ηjkγl − ηjlγk)
[
(ω + ε)

γ2(2γ2−τ)
στ + γ3||y||2(14τ+25)

2στ2
+ 8ϕγ3ε2+2γ

τ

]
+yiγjηkl

[
(ω + ε)

γ2(2γ2−τ)
στ + γ5||y||4

2σ2τ

]
−yi [(Njk −Nkj) yl − (Njl −Nlj) yk]

γ4

στ + δijykyl

[
2ϕγ2

σ + γ2||y||2
σ

(
ϕ− 2γ

στ

)]
+δijykylγ0

[
Mγ2||y||2

σ +
γ3(4σ2−1)

2σ3 − 4γ5||y||2
σ2τ

− γ2(α+ϕ)
σ

]
+δijηklγ0

{
γ3

4σ2τ

[
8 (1− σ) + σ−τ

στ + γ5||y||4
2σ3 − γ2(ω+ϕ||y||2)

σ

]}
+δijηklN00

2γ6(τ+σ−2τ ||y||2)
σ2τ2

− δij (γkyl − ykγl)
γ2[2ε(1−τ)+ϕ||y||2]

σ

+δij (ykN0l −N0kyl)
2γ6(1−||y||2)

σ2τ
− δij (Nkl −Nlk)

γ2

σ +
(
δikyjyl − δilyjyk

) ϕγ2
σ

+
(
δikyjyl − δilyjyk

)
γ0

[
2γ3

στ −
2γ4

σ2

(
ϕ ||y||2 − 2γ3||y||4

4σ2τ

)]
−
(
δikyjyl − δilyjyk

)
N00

4γ6

σ2τ

−
(
δikyjγl − δilyjγk

) γ2
σ

(
4ε+ ϕ ||y||2

)
+
(
δikγjyl − δilγjyk

)
ε
(

2
||y||2 −

γ2

σ

)
+
(
δikηjl − δilηjk

){
γ0

γ3[2γ2+(2σ−τ)||y||2]
σ2τ

+N00
γ4

στ

}
+
(
δikNjl − δilNjk

) γ2(4σ−1)(2γ2−τ)
2σ2τ

+
(
δikNlj − δilNkj

) γ2(8σ−3)(2σγ2−τ)
2σ2τ
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+
(
δikNj0yl − δilNj0yk

) 2γ4

σ2 +
(
δikN0jyl − δilN0jyk

) γ4
στ

+
(
δikyjNl0 − δilyjNk0

) γ4(σ+3)
σ2τ

+
(
δikyjN0l − δilyjN0k

) γ4
στ

+γiyjηkl

[
γ5||y||4
2σ3 − (ω − ε) γ

2

σ

]
+ γi (ηjkyl − ηjlyk)

[
εγ

2

σ + 2γ3||y||2
στ + ω γ

2(2−5σ)
στ

]
+γiyjykyl

[
γ3(4σ2−1)

2σ3 + 4γ3

σ2 + γ2

σ

(
2ϕ+ γ

σ3

)
− 4γ5

σ2τ
− 8γ5||y||2

σ2τ
− ω 4γ4

στ

]
+γi (yjδkl − δjlyk) 2γ

σ +N i
0yjykyl

4γ6

σ2τ
+N i

0 (ηjkyl − ηjlyk) 4γ6

στ

−N i
jηkl

γ2

σ +N i
jykyl

2γ4

σ2 +
(
N i
kηjl −N i

l ηjk
) γ2(1−4σ)

2στ +
(
N i
kyjyl −N i

l yjyk
) γ2(τγ2+2σ)

σ2τ

+ηiiNi0 (ηjlyk − ηjkyl) 2γ4

σ2 + ηiiNi0yjykyl
8γ6

σ2 − ηiiNi0 (ηjkyl − ηjlyk) 2γ4

σ2

−ηiiN i
0yjηkl

γ4

σ2 + ηiiNijηkl
γ2

σ − η
iiNijykyl

2γ4

σ2

+ηii (Nikyjyl −Nilyjyk)
γ4(1−5σ)
σ2τ

+ ηii (Nikηjl −Nilηjk)
γ2(4σ−1)

στ

+ηiiηijykylγ0
γ2

σ + ηiiηij (ykγl − γkyl) εγ
2

σ

−ηii (ηilηjk − ηikηjl) γ0
(
ω + ϕ ‖y‖2

)
γ2

σ + ηii (ηikyjγl − ηilyjγk)ω γ
2

σ

+ηii (ηikyjyl − ηilyjyk) γ0ϕγ
2

σ + ηii (ηikγjyl − ηilγjyk)ω γ
2

σ ,

Sijkl =
(
δikN

r
jN

r
l − δilN r

jN
r
k

)
γ4

σ2 +
(
δikN

r
j γl − δilN r

j γk

)
γ3‖y‖2
σ2

+
(
δikN

r
j yl − δilN r

j yk

)
N00

4γ6

σ2τ
−
(
δikN

r
j yl − δilN r

j yk

)
γ0

4γ5‖y‖2
σ2

−
(
δikN0jyl − δilN0jyk

)
N00

2γ6

σ2τ
+
(
δikN0jyl − δilN0jyk

)
γ0

2γ5‖y‖2
σ2

+
(
δikN

r
j − δilN r

j + δikN
r
l − δilN r

k

)
N00

γ2

σ

(
2γ4

στ −
γ2

σ

)
+
(
δikyjN

r
l − δilyjN r

k

)
N00

4γ6

σ2τ
+
(
δikyjN0l − δilyjN0k

)
γ0

2γ5‖y‖2
σ2

+
(
δikyjN0l − δilyjN0k

)
N00

2γ6

σ2τ
−
(
δikyjN

r
l − δilyjN r

k

)
γ0

4γ5‖y‖2
σ2

−
(
δikN

r
j − δilN r

j + δikN
r
l − δilN r

k

)
γ0

γ2

σ

(
2γ4

στ −
γ2

σ

)
+
(
δikγjN

r
l − δilγjN r

k

) (2−N00)γ3‖y‖2
σ2 −

(
δikγjγl − δilγjγk

) γ2‖y‖4
σ2

+
(
δikγjyl − δilγjyk

)
(N00 − γ0) γ3

σ2τ
+
(
δikyjγl − δilyjγk

)
(N00 − γ0) γ3

σ2τ

+
(
δikyjyl − δilyjyk

) (
2σ−1
2σ2 (γrγ

r)− 4γ4‖y‖2
σ2τ

(γ0)
2 − 2γ3

σ2 γ
rNr0 + 4γ5

σ2τ
γ0N00

)
+
(
δikyjN

r
l − δilyjN r

k

) (γ3‖y‖2
σ2 γr − γ4

σ2Nr0

)
+
(
δikN

r
j yl − δilN r

j yk

)(
γ3‖y‖2
σ2 γr + γ4

σ2 (ηrr − 1)Nr0

)
−
(
δikNrjyl − δilNrjyk + δikyjNrl − δilyjNrk

) γ3‖y‖2
σ2 γr

+
(
δikηjl − δilηjk

) ( γ4
σ2 η

rr (Nr0)
2 − 2γ3‖y‖2

σ2 γrNr0 + γ2‖y‖4
σ2 (γrγ

r)
)

+
(
δikηjl − δilηjk

) (
− 2γ6

σ2τ
(N00)

2 − 2γ4‖y‖4
σ2τ

(γ0)
2 + 4γ5

σ2τ
γ0N00

)
+yi [(Njl +Nlj)Nk0 − (Njk +Nkj)Nl0]

4γ6‖y‖2
σ2τ2

+yi [(Njk +Nkj) yl − (Njl +Nlj) yk]
6γ5‖y‖2(2γ2−τ)

σ2τ2

+yi [(Njk +Nkj) yl − (Njl +Nlj) yk]
γ3γ0(2γ2−τ)

σ2τ2

+yi [(Njk +Nkj) γl − (Njl +Nlj) γk]
γ3‖y‖2(2γ2−τ)

σ2τ2
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+yiyj [(Nrk +Nkr)N
r
l − (Nrl +Nlr)N

r
k ]

γ4(2γ2−τ)
σ2τ

+yiyj (NrkNlr −NkrNrl) η
rr γ

4(2γ2−τ)
σ2τ

+yi
[
N r
j (Nrk +Nkr) yl −N r

j yk (Nrl +Nlr)
]
γ4(2γ2−τ)

σ2τ

+yiNrj (ykNrl −Nrkyl) η
rr 2γ

4(2γ2−τ)
σ2τ

+yiNi0 (ηjlNk0 − ηjkNl0)
γ4

σ2

+ηiiNi0yj (Nlk −Nkl)
2γ4

σ2 + ηiiNi0yj (γkyl − ykγl) γ
2(2τ+1+γ)

σ2

+ηiiNi0yj (Nk0yl − ykNl0)
8γ6

σ2τ
+ ηiiNi0yj (ykN0l −N0kyl)

4γ6

σ2τ

+ηiiNi0 [(Njk +Nkj)N0l − (Njl +Nlj)N0k]
γ4(2γ2−τ)

σ2τ

+ηiiNi0

[
(Njkyl −Njlyk)

γ2(−6σ2+15σ−3)
σ2τ

+ (Nkjyl −Nljyk)
γ4(σ+τ‖y‖2)

σ2τ

]
−ηiiNi0 (ηjkγl − ηjlγk) γ

3‖y‖2
σ2 + ηiiNi0 (ηjkyl − ηjlyk)

(
γ0

4γ5‖y‖2
σ2 − 4γ6

σ2τ
N00

)
+ηii (Nikyl −Nilyk) yjγ0

2γ3

στ + ηii (NikNl0 −NilNk0) yj
γ4(1−σ)
σ2τ

−ηii (NikN0l −NilN0k) yj
γ4

στ − η
ii (Nikyl −Nilyk)

[
Nj0

γ4(1−σ)
σ2τ

+N0j
γ4

στ

]
−ηii (Nikyl −Nilyk) γj

γ4‖y‖2
σ2 − ηii (Nikγl −Nilγk) yj

γ4‖y‖2
σ2

+ηii [(Njk +Nkj)Nil − (Njl +Nlj)Nik]
γ4‖y‖2(2γ2−τ)

σ2

+ηii (ηjkNil − ηjlNik)
(
N00

γ4

στ − γ0
γ3‖y‖2
σ2

)
− ηiiNiryj (N r

kyl −N r
l yk)

γ4

σ2

−ηiiNir (ηjkyl − ηjlyk)
(
γr

γ3‖y‖2
σ2 − ηrr γ

4

σ2

)
+ ηiiN r

i yj (Nrkyl −Nrlyk)
γ4

σ2

+yi
(
ηjkNl0η

llNll − ηjlNk0η
kkNkk

) 2γ4(2γ2−τ)
σ2τ

+yi (ηjkNl0 − ηjlNk0)

(
N00

2γ3(2γ3σ−4γ3−(2σ−1)τ)
σ2τ2

+ γ0
4γ7‖y‖2(1+2‖y‖2)

σ2τ2

)
−yi (ηjkN0l − ηjlN0k)

(
N00

4γ8(1+2‖y‖2)
σ2τ2

+ γ0
4γ7(1+2‖y‖2)

σ2τ2

)
+yi (ηjkyl − ηjlyk)

(
N0rγ

r 2γ
5‖y‖2
σ2τ

+ γ0
8γ6‖y‖4
σ2τ2

−N00
8γ7‖y‖4
σ2τ2

)
+yi (ηjkyl − ηjlyk)

(
N00γ0

24γ7‖y‖2
σ2τ2

− (γ0)
2 2γ4‖y‖2(σ+τ)

σ2τ2
+ (γrγ

r) 1−2σ
2σ2τ

)
+yi (ηjkyl − ηjlyk)

(
γrNr0

γ3(4σ−3)
σ2τ

+ ηrr (Nr0)
2 4γ6

σ2τ
− ηrrNr0N0r

2γ6

σ2τ

)
+yi (ηjkγl − ηjlγk)

(
N00

γ3(σ−τ+στ)
σ2τ

− γ0 1−2σστ

)
−yi [ηjk (Nrl +Nlr)− ηjl (Nrk +Nkr)] γ

r γ
4(2γ2−τ)
σ2τ

+yiNj0 (ykNl0 −Nk0yl)
γ5[4(γ+1)(γ2−σ)+7−20σ]

σ2τ

+yiNj0 (γkyl − ykγl) γ
3(1−σ)
σ2τ2

− yiN0j (γkyl − ykγl) γ3

στ2

+yiN0j (N0kyl − ykN0l)
2γ6(2γ2−τ−2σ+1)

σ2τ2
+yiN0j (ykNl0 −Nk0yl)

2γ6(τ+2σ−2γ2)
σ2τ2

+yiNj0 (ykN0l −N0kyl)
2γ6(σ−1+4γ2)

σ2τ2
+ γi (ηjkγl − ηjlγk) γ

2‖y‖4
σ2

−γi (ηjkNl0 − ηjlNk0)
γ3‖y‖2
σ2 − γi (ηjkyl − ηjlyk)

(
N00

γ3

σ2τ
− γ0 γ

2‖y‖2
σ2τ2

)
+γiyj (Nkoyl − ykNl0)

2γ3(2−3σ)
σ2τ

+ γiyj (N0kyl − ykN0l)
γ3

σ2τ
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+γiyj (ykγl − γkyl) (2σ−1)(6σ+1)
2σ2τ

+ γiyj (Nkl −Nlk)
2γ3‖y‖2
σ2

−γi (Njkyl −Njlyk)

(
γ4(τ−2γ2)

σ2τ
+

γ3‖y‖2(τ−4γ2)
σ2τ

)
−γi (Nkjyl −Nljyk)

(
γ4(τ−2γ2)

σ2τ
+

γ3‖y‖2(3τ−4γ2)
σ2τ

)
+
(
N i
l yjNk0 −N i

kyjNl0

) γ4(1−σ)
σ2τ

−
(
N i
l yjN0k −N i

kyjN0l

) γ4
στ

+
(
N i
lNj0yk −N i

kNj0yl
)
N0j

γ4

σ2 −
(
N i
lN0jyk −N i

kN0jyl
) γ4
στ

+
(
N i
l yjyk −N i

kyjyl
) 2γ3

στ +
(
N i
l yjγk −N i

kyjγl
) 6γ5‖y‖4

σ2τ

−
(
N i
l γjyk −N i

kγjyl
) γ3‖y‖2

σ2τ
+N i

j (ykγl − γkyl) 2γ3‖y‖2
σ2

+N i
ryj (N r

kyl −N r
l yk)

γ4

σ2 −N i
r (ηjkyl − ηjkyl) ηrrNr0

γ4

σ2

−
(
N i
l ηjk −N i

kηjl
)
N00

γ4

στ +
(
N i
l ηjk −N i

kηjl
)
γ0

γ3‖y‖2
σ2τ

+N i
r (ηjkyl − ηjlyk) γr γ

3‖y‖2
σ2τ

−N i
ryj (Nrkyl −Nrlyk) η

rr γ4

σ2

−
[
N i
l (Njk +Nkj)−N i

k (Njl +Nlj)
] γ4(2γ2−τ)

στ

−N i
0 [(Njk +Nkj) yl − (Njl +Nlj) yk]

γ4(2γ2−τ)
στ

−N i
0yj (γkyl − ykγl) γ3

σ2τ
−N i

0yj (Nk0yl − ykNl0)
4γ6

σ2τ

+N i
0yj (N0kyl − ykN0l)

2γ6

σ2τ
+N i

0

[
(ηjkyl − ηjlyk)N00

2γ6

σ2τ
− γ0 2γ

5‖y‖2
σ2τ

]
+yiyj (Nkl −Nlk)

(
−γ0 4γ

5‖y‖2
σ2τ

+N00
4γ6

σ2τ

)
+yi (Njkyl −Njlyk)

(
γ0

2γ5‖y‖2
σ2τ

−N00
2γ6

σ2τ

)
+yi (Nkjyl −Nljyk)

(
−γ0 2γ

5‖y‖2
σ2τ

+N00
2γ6

σ2τ

)
+yiyj (N r

kyl − ykN r
l )
(
−γr γ

3

σ2τ
−Nr0

4γ6

σ2τ
+N0r

2γ6

σ2τ

)
+yiyj (Nrkyl − ykNrl)

[
γr

2γ5(2−3‖y‖2)
σ2τ

+ ηrrNr0
4γ6

σ2τ
−N r

0
2γ6

σ2τ

]
+yiyj (Nkryl − ykNlr) γ

r 2γ
3(2γ2−τ)
σ2τ

+yiyj (Nk0yl − ykNl0)

[
γ0

4γ4[γ(τ−σ−2γ2)−4τ‖y‖2]
σ2τ2

+N00
32γ8

σ2τ2

]
+yiyj (ykN0l −N0kyl)

[
γ0

4γ4[2σ−1−τ(γ+‖y‖2)]
σ2τ2

− γ3(γ+σ−4γ2)
σ2τ2

]
+yiyj (Nk0γl − γkNl0)

γ3(2γ2−3τ)
σ2τ2

+ yiyj (N0kγl − γkN0l)
γ3(σ+τ−4γ2)

σ2τ2

+yiyj (Nk0N0l −N0kNl0)
4γ6(2γ2−σ)

σ2τ2

+yiyj (γkyl − ykγl)
[
N00

4γ5(τ+2)
σ2τ2

+ γ0
2σγ2(τ+1)

σ2τ2

]
+yiγj (ykγl − γkyl) 4γε

στ + yiγj (ykNl0 −Nk0yl)
2γ5[1−6‖y‖2(γ−σ)]

σ2τ2

+yiγj (N0kyl − ykN0l)
γ3(σ−2γ2)

σ2τ2
,

where

A = 7ϕ
γ −

6
τ2
− 16ϕε, R1 = 7ϕ

γ −
6
τ2
− 18ϕε+ ϕ2 ||y||2 + 2ϕω − εφ ||y||2 ,

B = 2ε
γ −

||y||2
στ − 8ε2, R2 = 2ε

γ −
‖y‖2
στ − 9ε2 − ϕε ‖y‖2 ,
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C = ω
γ + 2||y||2

σ2 + 2ω
σγ , R3 = ω

γ + 2‖y‖2
σ2 + 2ω

στ + εγ‖y‖2
2σ3 + ω2,

R4 = ϕ(ϕ ‖y‖2 + ω + ε)

and

T1 = 2ϕ
γ2(2γ2−σ)

στ + 2ϕ−γ2
σ +

(2−4γ4)(ε+ϕ||y||2)
στ ,

T2 =
(
ϕ− γ

2σ3

) γ2(2γ2−σ)
στ − γ2

σ

(
ϕ+ γ

2σ3

)
+ ε+ ϕ ||y||2 + β−

−2γ4

στ

(
ω − γ||y||2

2σ3

)
,

T3 = −2γ4

στ

[
ω + 2ε+ (3ϕ+ α) ||y||2

]
+ 2ϕ

γ2(2γ2−σ)
στ + 4γ4

στ

(
ω + ϕ ||y||2

)
,

T4 = 4γ4

στ − α
γ2

σ − 8ϕγ2 + 4γ2

στ2
− 2 γ

4

στ

[
(α+ 2ϕ) ||y||2 + ω + ε

]
,

T5 = 2γ4

σ2 − 4γ6

σ2τ
− 12γ6

στ2
,

T6 = 4ε γ
4

στ −
2γ4||y||2
στ

(
ε+ ϕ ||y||2

)
− γ2

σ

(
3ε+ ϕ ||y||2

)
+ 2γ3||y||2

στ ,

T7 = (ω + ε)
γ2(2γ2−σ)

στ ,

T8 = −γ2

σ

(
ε+ ϕ ||y||2

)
− 2γ3||y||4

σ2 ,

T9 = 4γ3

σ2 + γ2

σ

(
2ϕ+ γ

σ3

)
,

T10 = −γ2

σ ϕ ||y||
2 + ε+ 2γ

σ2

(
γ2 ||y||4 − σ

)
.

Remark 4. In our opinion, the very complicated form of the d-curvatures, pro-
duced by the Lagrangian (3), suggests that the Miron-Anastasiei geometrical theory
applied for our anisotropic optical Lagrangian does not offer interesting geomet-
rical aspects for the physical properties of the anisotropic medium. Consequently,
the physical interpretations of the geometrical results of this paper still remain an
open problem. It follows that another geometrical approach for the anisotropic
optical Lagrangian (3) is required.
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