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BIANCHI IDENTITIES IN THE THEORY OF THE
HOMOGENEOUS LIFT TO THE 2-OSCULATOR BUNDLE

OF A FINSLER METRIC

Alexandru OANĂ1

Abstract

In this article we present a study of the subspaces of the manifold Osc2M ,
the total space of the 2-osculator bundle of a real manifold M. We obtain the
induced connections of the canonical N-linear metric connection determined
by the homogeneous prolongation of a Finsler metric to the manifold Osc2M .
We present the Bianchi identities of the associated 2-osculator submanifold.
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1 Introduction

The Sasaki N -prolongation G to the 2-osculator bundle without the null sec-

tion Õsc2M = Osc2M\ {0} of a Finslerian metric gab on the real manifold M
given by

G = gab

(
x, y(1)

)
dxa⊗dxb+gab

(
x, y(1)

)
δy(1)a⊗δy(1)b+gab

(
x, y(1)

)
δy(2)a⊗δy(2)b

(*)

is a Riemannian structure on Õsc2M, which depends only on the metric gab.

The tensor G is not invariant with respect to the homothetis on the fibres of

Õsc2M , because G is not homogeneous with respect to the variable y(1)a.

In this paper, we use a new kind of prolongation G̊ to Õsc2M , ([8]), which

depends only on the metric gab. Thus, G̊ determines on the manifold Õsc2M a
Riemannian structure which is 0-homogeneous on the fibres of Osc2M.

Some geometrical properties of G̊ are studied: the canonical N -linear metric
connection, the induced linear connections, Bianchi identities.

1Faculty of Mathematics and Informatics, Transilvania University of Braşov, Romania, e-mail:
alexandru.oana@unitbv.ro



116 Alexandru Oană

2 Preliminaries

As far we know the general theory of submanifolds (in particular the Finsler
submanifolds or the complex Finsler submanifolds) is far from being settled ([10],
[4], [11], [12]). In [9] and [10] R. Miron and M. Anastasiei give the theory of
subspaces in generalized Lagrange spaces. Also, in [7] and [6] R. Miron presents
the theory of subspaces in higher order Finsler and Lagrange spaces respectively.

Let M be a real differentiable manifold of dimension n, which has the local
coordinates (x) := (xa)a=1,n . The corresponding 2-osculator bundle Osc2M (or
2-tangent bundle, [9],[2]) has the dimension equal to 3n, and its local coordinates
are2 (

x, y(1), y(2)
)

:=
(
xa, y(1)a, y(2)a

)
a=1,n

=

 x1, ..., xn︸ ︷︷ ︸
space coordinates

, y(1)1, ..., y(1)n︸ ︷︷ ︸
tangent vector

, y(2)1, ..., y(2)n︸ ︷︷ ︸
2−tangent vector


If M̌ is an m-dimensional immersed manifold in manifold M , a nonlinear connec-
tion on Osc2M induces a nonlinear connection Ň on Osc2M̌.

The d-tensor G from (*) is not homogeneous with respect to the variable y(1)a.
This in an incovenient from the point of view of analytical mechanics. Moreover,
the physical dimensions of the terms of G are not the same. This disadvantage

was corected by Gh. Atanasiu. He took a new kind of prolongation G̊ to Õsc2M
of the fundamental tensor of a Finsler space, [1], which depends only on the metric

gab. Thus, G̊ determines on the manifold Õsc2M a Riemannian structure which
is 0-homogeneous on the fibres of Osc2M and p is a positive constant required
by applications in order that the physical dimensions of the terms of G̊ be the
same. He proved that there exist metrical N-linear connections with respect to
the metric tensor G̊.

We take this canonical N -linear metric connection D on the manifold Osc2M
and obtain the induced tangent and normal connections and the relative covariant
derivatives in the algebra of d-tensor fields. It follows that we can get the Bianchi
identities associated with the induced tangent connection with the coefficients

D>Γ
(
Ň
)

=

(
Vi
L

(i0)

α
βδ,

Vi
C

(i1)

α
βδ,

Vi
C

(i2)

α
βδ

)
, (i = 0, 1, 2;V0 = H).

Let us consider the Finsler space Fn = (M,F ) ([10]) with the fundamental
function F : TM = OscM → R and the fundamental tensor gab

(
x, y(1)

)
on

ÕscM, given by

gab

(
x, y(1)

)
=

1

2

∂2F 2

∂y(1)a∂y(1)b
, (1)

where gab
(
x, y(1)

)
is positively defined on ÕscM.

2In this paper the Latin letters a, b, c, ... run from 1 to n and the Greek letters α, β, γ,... run
from 1 to m The Einstein convention of summation is adopted all over this work.
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The canonical 2-spray of Fn is given by

d2xa

dt2
+ 2Ga

(
x,
dx

dt

)
= 0 , Ga =

1

2
γabc

(
x, y(1)

)
y(1)by(1)c (2)

where γabc
(
x, y(1)

)
are the Christoffels symbols of the metric tensor gab

(
x, y(1)

)
.

The canonical nonlinear connection N of the space Fn has the dual coefficients
[6]

M
(1)

a
b =

∂Ga

∂y(1)b
, M

(2)

a
b =

1

2

{
ΓM

(1)

a
b +M

(1)

a
cM
(1)

c
b

}
, (3)

where Γ = y(1)a ∂

∂xa
+ 2y(2)a ∂

∂y(1)a
.

We have the next decomposition

TwOsc
2M = N0 (w)⊕N1 (w)⊕ V2 (w) ,∀w ∈ Osc2M. (4)

The adapted basis to (4) is given by

{
δ

δxa
,

δ

δy(1)a
,

∂

∂y(2)a

}
, (a = 1, .., n) and

its dual basis is
(
dxa, δy(1)a, δy(2)a

)
, where

δ

δxa
=

∂

∂xa
− N

(1)

b
a

δ

δy(1)b
− N

(2)

b
a

∂

∂y(2)b

δ

δy(1)a
=

∂

∂y(1)a
− N

(1)

b
a

∂

∂y(2)b

(5)

and 
δy(1)a = dy(1)a +M

(1)

a
bdx

b

δy(2)a = dy(2)a +M
(1)

a
bδy

b +M
(2)

a
bδy

(2)b,

(6)

where
M
(1)

a
b = N

(1)

a
b, M

(2)

a
b = N

(2)

a
b + N

(1)

a
cN
(1)

c
b.

We use the next notations:

δa =
δ

δxa
, δ1a =

δ

δy(1)a
∂̇2a =

∂

∂y(2)a
.

The fundamental tensor gab determines on the manifold Õsc2M the homoge-

neous tensor field
0
G, [1],

0
G = gab

(
x, y(1)

)
dxa ⊗ dxb + g

(1)
ab

(
x, y(1)

)
δy(1)a ⊗ δy(1)b

+ g
(2)
ab

(
x, y(1)

)
δy(2)a ⊗ δy(2)b, (7)
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where

g
(1)
ab

(
x, y(1)

)
=

p2∥∥y(1)
∥∥2 gab

(
x, y(1)

)
,

g
(2)
ab

(
x, y(1)

)
=

p4∥∥y(1)
∥∥4 gab

(
x, y(1)

)
,

∥∥y(1)
∥∥2

= gaby
(1)ay(1)b.

This is a homogeneous tensor field with respect to y(1)a, y(2)a and p is a
positive constant required by applications in order that the physical dimensions
of the terms of G̊ be the same.

Let M̌ be a real, m-dimensional manifold, immersed in M through the immer-
sion i : M̌ →M . Localy, i can be given under the form

xa = xa
(
u1, ..., um

)
, rank

∥∥∥∥∂xa∂uα

∥∥∥∥ = m.

We assume 1 ≤ m < n. We take the immersed submanifold Osc2M̌ of the
manifold Osc2M, by the immersion Osc2i : Osc2M̌ → Osc2M. The parametric
equations of the submanifold Osc2M̌ are

xa = xa
(
u1, ..., um

)
, rank

∥∥∥∥∂xa∂uα

∥∥∥∥ = m

y(1)a =
∂xa

∂uα
v(1)α

2y(2)a =
∂y(1)a

∂uα
v(1)α + 2

∂y(1)a

∂v(1)α
v(2)α,

(8)

where 
∂xa

∂uα
=
∂y(1)a

∂v(1)α
=
∂y(2)a

∂v(2)α

∂y(1)a

∂uα
=
∂y(2)a

∂v(1)α
.

The restriction of the fundamental function F to the submanifold ÕscM̌ is

F̌
(
u, v(1)

)
= F

(
x (u) , y(1)a

(
u, v(1)

))
and we call F̌m =

(
M̌, F̌

)
the induced Finsler subspaces of Fn and F̌ the

induced fundamental function.

Let Ba
α(u) =

∂xa

∂uα
and gαβ the induced fundamental tensor,

gαβ

(
u, v(1)

)
= gab

(
x (u) , y

(
u, v(1)

))
Ba
αB

b
β. (9)
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We obtain a system of d-vectors {Ba
α, B

a
ᾱ} wich determines a moving frame

R =
{(
u, v(1), v(2)

)
;Ba

α (u) , Ba
ᾱ

(
u, v(1), v(2)

)}
in Osc2M along with the submanifold Osc2M̌.

Its dual frame will be denoted by R∗=
{
Bα
a

(
u, v(1), v(2)

)
, Bᾱ

a

(
u, v(1), v(2)

)}
.

This is also defined on an open set π̌−1
(
Ǔ
)
⊂ Osc2M̌, Ǔ being a domain of a

local chart on the submanifold M̌.
The conditions of duality are given by:

Ba
βB

α
a = δαβ , B

a
βB

ᾱ
a = 0 , Bα

aB
a
β̄ = 0 , Bᾱ

aB
a
β̄ = δᾱβ̄ , B

a
αB

α
b +Ba

ᾱB
ᾱ
b = δab .

The restriction of the nonlinear connection N (3) to Õsc2M̌ uniquely deter-

mines an induced nonlinear connection Ň on Õsc2M̌ with the dual coeficients
([3], [13], [14])

M̌
1

α
β = Bα

a

(
Ba

0β +M
1

a
bB

b
β

)
,

M̌
2

α
β = Bα

a

(
1

2

∂Ba
δγ

∂uβ
v(1)δv(1)γ +Ba

δβv
(2)δ +M

1

a
bB

b
0β +M

2

a
bB

b
β

)
,

(10)

where M
1

a
b, M

2

a
b are the dual coeficients of the nonlinear connection N.

The adapted bases of the induced nonlinear connection Ň are defined by
δ

δxα
=

∂

∂xα
− N

(1)

β
α

δ

δy(1)b
− N

(2)

β
α

∂

∂y(2)b

δ

δy(1)α
=

∂

∂y(1)α
− N

(1)

β
α

∂

∂y(2)b

(11)

and 
δy(1)α = dy(1)α +M

(1)

α
βdx

β

δy(2)α = dy(2)α +M
(1)

α
βδy

β +M
(2)

α
βδy

(2)β

(12)

We use the next notations:

δα =
δ

δxα
, δ1α =

δ

δy(1)α
∂̇2α =

∂

∂y(2)α
.

Proposition 1. The Lie brakets of the vector fields
{
δα, δ1α, ∂̇2α

}
are given by

[δβ, δγ ] = R
(01)

α
βγδ1α + R

(01)

α
βγ ∂̇2α , [δβ, δ1γ ] = B

(11)

α
βγδ1α + B

(12)

α
βγ ∂̇2α, (13)
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[
δβ, ∂̇2γ

]
= B

(21)

α
βγδ1α + B

(22)

α
βγ ∂̇2α , [δ1β, δ1γ ] = R

(12)

α
βγ ∂̇2α ,

[
δ1β, ∂̇2γ

]
= B

(21)

α
βγ ∂̇2α,

where

R
(01)

α
βγ = δγN

1

α
β − δβN

1

α
γ , R

(02)

α
βγ = δγN

2

α
β − δβN

2

α
γ +N

1

α
σ R

(01)

σ
βγ ,

B
(11)

α
βγ = δ1γN

1

α
β, B

(12)

α
βγ = δ1γN

2

α
β − δβN

1

α
γ +N

1

α
σ B

(11)

σ
βγ ,

B
(21)

α
βγ = ∂̇2γN

1

α
β , B

(22)

α
βγ = ∂̇2γN

2

α
β +N

1

α
f B

(21)

f
βγ , R

(12)

α
βγ = δ1γN

1

α
β − δ1βN

1

α
γ .

(14)

The cobasis
(
dxi, δy(1)a, δy(2)a

)
restricted to Osc2M̌ is uniquely represented

in the moving frame R in the following form ([3], [13]):

dxa = Ba
βdu

β

δy(1)a = Ba
αδv

(1)α +Ba
ᾱK

(1)

ᾱ
βdu

β

δy(2)a = Ba
αδv

(2)α +Ba
β̄
K
(1)

β̄
αδv(1)α +Ba

β̄
K
(2)

β̄
αduα

(15)

where

K
(1)

ᾱ
β = Bᾱ

a

(
Ba

0β +M
(1)

a
bB

b
β

)

K
(2)

ᾱ
β = Bᾱ

a

(
1

2

∂Ba
δγ

∂uβ
v(1)δv(1)γ +Bb

δβv
(2)δ +M

(1)

a
bB

b
0β +M

(2)

a
bB

b
β −

−Bᾱ
fB

γ
d

(
Bf
γ +M

(1)

f
bB

b
γ

)(
Bd

0β +M
(1)

d
gB

g
β

)
(16)

are mixed d-tensor fields.

A linear connection D on the manifold Osc2M is called metrical N-linear
connection with respect to G̊, if DG̊ =0 and D preserves by parallelism the
distributions N0, N1 and V2. The coefficients of the N-linear connections DΓ (N)

will be denoted with

(
Vi
L

(i0)

a
bc,

Vi
C

(i1)

a
bc,

Vi
C

(i2)

a
bc

)
, (i = 0, 1, 2) .

Theorem 1. ([1]) There exist N -linear metric connections DΓ (N) on Õsc2M,
with respect to the homogeneous prolongation G̊, wich depend only on the metric
gab
(
x, y(1)

)
. One of these connections has
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the ”horizontal” coefficients

H
L

(00)

a
bc =

1

2
gad (δbgcd + δcgbd − δdgbc)

V1
L

(10)

a
bc =

1

2
g

(1)

ad

(
δb g

(1)
cd + δc g

(1)
bd − δd g

(1)
bc

)

V2
L

(20)

a
bc =

1

2
g

(2)

ad

(
δb g

(2)
cd + δc g

(2)
bd − δd g

(2)
bc

)
(17)

the ”1-vertical” coefficients

H
C

(01)

a
bc =

1

2
gad (δ1bgdc + δ1cgbd − δ1dgbc)

V1
C

(11)

a
bc =

1

2
g

(1)

ad

(
δ1b g

(1)
cd + δ1c g

(1)
bd − δ1d g

(1)
bc

)

V2
C

(21)

a
bc =

1

2
g

(2)

ad

(
δ1b g

(2)
cd + δ1c g

(2)
bd − δ1d g

(2)
bc

)
(18)

and the ”2-vertical” coefficients

H
C

(02)

a
bc =

V1
C

(12)

a
bc =

V2
C

(22)

a
bc = 0. (19)

It is called the canonical N-linear metric connection.

This linear connection will be used throughout this paper.

For this N-linear connection, we have the operators
Vi
D, (i = 0, 1, 2;V0 = H)

which are given by the following relations

Vi
DXa = dXa +

Vi
ωabX

b, ∀X ∈ F
(
Õsc2M

)
, (20)

where
H
ωab =

H
L

(00)

a
bcdx

c +
H
C

(01)

a
bcδy

(1)c +
H
C

(02)

a
bcδy

(2)c

V1
ωab =

V1
L

(10)

a
bcdx

c +
V1
C

(11)

a
bcδy

(1)c +
V1
C

(12)

a
bcδy

(2)c

V2
ωab =

V2
L

(20)

a
bcdx

c +
V2
C

(21)

a
bcδy

(1)c +
V2
C

(22)

a
bcδy

(2)c.

(21)
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We call these operators the horizontal, 1- and 2-vertical covariant differen-

tials. The 1-forms
H
ωab ,

V1
ωab ,

V2
ωab will be called the horizontal, 1- and 2-vertical

1-form. From (19) we get that the horizontal, 1- and 2- vertical 1-form are

H
ωab =

H
L

(00)

a
bcdx

c +
H
C

(01)

a
bcδy

(1)c +
H
C

(02)

a
bcδy

(2)c

V1
ωab =

V1
L

(10)

a
bcdx

c +
V1
C

(11)

a
bcδy

(1)c +
V1
C

(12)

a
bcδy

(2)c

V2
ωab =

V2
L

(20)

a
bcdx

c +
V2
C

(21)

a
bcδy

(1)c +
V2
C

(22)

a
bcδy

(2)c.

3 The relative covariant derivatives

Let DΓ (N), the canonical N-linear metric connection of the manifold Osc2M .
A classical method to determine the laws of derivation on a Finsler submanifold
is the type of the coupling ([6],[7],[9],[10]).

Definition 1. We call a coupling of the canonical N-linear metric connection D

to the induced nonlinear connection Ň along Osc2M̌ the operators
Vi

Ď,(i = 0, 1, 2 ;

V0 = H) defined by the operators
Vi
D,(i = 0, 1, 2;V0 = H) (20) with the property

Vi

ĎXa =
Vi
DXa, (i = 0, 1, 2;V0 = H) (modulo 15) (22)

Here
Vi

ĎXa = dXa +
Vi
ω̌abX

b, ∀X ∈ F
(
Õsc2M

)
. (23)

The 1-forms ω̌
(i)

a
b ,(i = 0, 1, 2) are the connection 1-forms of the coupling Ď.

Theorem 2. The coupling of the N-linear connection D to the induced nonlinear

connection Ň along Õsc2M̌ is locally given by the set of coefficients ĎΓ
(
Ň
)

=(
Vi

Ľ
(i0)

a
bδ,

Vi

Č
(i1)

a
bδ,

Vi

Č
(i2)

a
bδ

)
,

(i = 0, 1, 2;V0 = H) where

Vi

Ľ
(i0)

a
bδ =

Vi
L

(i0)

a
bdB

d
δ +

Vi
C

(i1)

a
bdB

d
δ̄K(1)

δ̄
δ ,

Vi

Č
(i1)

a
bδ =

Vi
C

(i1)

a
bdB

d
δ ,

Vi

Č
(i2)

a
bδ = 0, (24)

(i = 0, 1, 2;V0 = H)
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Proof. From (22), (23), (20), and (15) we obtain

Vi

Ľ
(i0)

a
bδ =

Vi
L

(i0)

a
bdB

d
δ +

Vi
C

(i1)

a
bdB

d
δ̄
K
(1)

δ̄
δ +

Vi
C

(i2)

a
bδB

d
δ̄
K
(2)

δ̄
δ

Vi

Č
(i1)

a
bδ =

Vi
C

(i1)

a
bdB

d
δ +

Vi
C

(i2)

a
bdB

d
δ̄
K
(1)

δ̄
δ ,

Vi

Č
(i2)

a
bδ =

Vi
C

(i2)

a
bdB

d
δ , (i = 0, 1, 2;V0 = H) .

and from (19) we get (24).

Definition 2. We call the induced tangent connection on Õsc2M̌ by the

canonical N-linear metric connection D, the couple of the operators
Vi
D> , (i =

0, 1, 2;V0 = H) which are defined by

Vi
D>Xα = Bα

b

Vi

ĎXb, for Xa = Ba
γX

γ (25)

where
Vi
D>Xα = dXα +XβViωαβ (26)

and
Vi
ωαβ , (i = 0, 1, 2;V0 = H) are called the tangent connection 1-forms.

We have

Theorem 3. The tangent connections 1-forms are as follows:

Vi
ωαβ =

Vi
L

(i0)

α
βδdu

δ +
Vi
C

(i1)

α
βδδv

(1)δ +
Vi
C

(i2)

α
βδδv

(2)δ, (27)

where

Vi
L

(i0)

α
βδ = Bα

d

(
Bd
βδ +Bf

β

Vi

Ľ
(i0)

d
fδ

)
,
Vi
C

(i1)

α
βδ = Bα

dB
f
β

Vi

Č
(i1)

d
fδ ,

Vi
C

(i2)

α
βδ = 0, (28)

(i = 0, 1, 2;V0 = H) .

Proof. From (23),(26) and (25) we have

Vi
L

(i0)

α
βδ = Bα

d

(
Bd
βδ +Bf

β

Vi

Ľ
(i0)

d
fδ

)
,
Vi
C

(i1)

α
βδ = Bα

dB
f
β

Vi

Č
(i1)

d
fδ ,

Vi
C

(i2)

α
βδ

= Bα
dB

f
β

Vi

Č
(i2)

d
fδ, (i = 0, 1, 2;V0 = H) .

and from (19) we get (28).
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The relation (26) is equivalent with

Vi
D>Xα = Xα

|iεdx
ε +Xα

(1)

| iε δy
(1)ε +Xα

(2)

| iε δy
(2)ε

where

Xα
|iε = δεX

α+Xβ
Vi
L

(i0)

α
βε , X

α
(1)

| iδ= δ1εX
α+Xβ

Vi
C

(i1)

α
βε , X

α
(2)

| iδ= ∂̇2εX
α+Xβ

Vi
C

(i2)

α
βε.

(29)

The operators ”|iε” ,”
(1)

| iε” and ”
(2)

| iε” are called the hi-,v1i- and v2i-covariante

derivatives with respect to the induced tangent connection D>Γ
(
Ň
)
.

Definition 3. We call the induced normal connection on Õsc2M̌ by the

canonical N-linear metric connection D, the couple of the operators
Vi
D⊥ , (i =

0, 1, 2;V0 = H) which are defined by

Vi
D⊥Xα = Bα

b

Vi

ĎXb for Xa = Ba
γ̄X

γ̄ (30)

where
Vi
D⊥Xα = dXα +XβViωα

β
(31)

and
Vi
ωα
β

, (i = 0, 1, 2;V0 = H) are called the normal connection 1-forms.

We have

Theorem 4. The normal connections 1-forms are as follows:

Vi
ωα
β

=
Vi
L

(i0)

α
βδ
duδ +

Vi
C

(i1)

α
βδ
δv

(1)δ +
Vi
C

(i2)

α
βδ
δv

(2)δ (32)

where

Vi
L

(i0)

ᾱ
β̄δ = Bᾱ

d

(
δBd

β̄

δuδ
+Bf

β̄

Vi

Ľ
(i0)

d
fδ

)
,
Vi
C

(i1)

ᾱ
β̄δ = Bᾱ

d

(
∂Bd

β

∂uδ
+Bf

β̄

Vi

Č
(i1)

d
fδ

)
,
Vi
C

(i2)

ᾱ
β̄δ = 0,

(33)
(i = 0, 1, 2;V0 = H) .

Proof. From (23),(30),(31) and (15) we obtain

Vi
L

(i0)

ᾱ
β̄δ = Bᾱ

d

(
δBd

β̄

δuδ
+Bf

β̄

Vi

Ľ
(i0)

d
fδ

)
,
Vi
C

(i1)

ᾱ
β̄δ = Bᾱ

d

(
δBd

β

δv(1)δ
+Bf

β̄

Vi

Č
(i1)

d
fδ

)
,
Vi
C

(i2)

ᾱ
β̄δ

= Bᾱ
d

(
∂Bd

β

∂v(2)δ
+Bf

β̄

Vi

Č
(i2)

d
fδ

)

(i = 0, 1, 2;V0 = H) and from (24) and
∂Bd

β

∂v(1)δ
=

∂Bd
β

∂v(2)δ
= 0 we have (33).
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Now, we can define the relative (or mixed) covariant differentials
Vi
∇, (i = 0, 1, 2;

V0 = H).

Theorem 5. The relative covariant (mixed) differentials in the algebra of mixed

d-tensor fields are the operators
Vi
∇, (i = 0, 1, 2;V0 = H) for which the following

properties hold:

Vi
∇f = df, ∀f ∈ F

(
Osc2M̌

)
Vi
∇Xa =

Vi

ĎXa,
Vi
∇Xα =

Vi
D>Xα,

Vi
∇X ᾱ =

Vi
D⊥X ᾱ, (i = 0, 1, 2;V0 = H)

Vi
ω̌ab ,

Vi
ωαβ ,

Vi
ωα
β

are called the connection 1-forms of
Vi
∇, (i = 0, 1, 2;V0 = H) .

The operators ”|iε” ,”
(1)

| iε” and ”
(2)

| iε” (i = 0, 1, 2) from (29) can be extended

to a mixed tensor field T aγα
bδβ

in a natural way. Thus, we have

• the hi- covariant derivatives

T aγα...
bδβ... |iε = δεT

aγα...

bδβ...
+

Vi
L

(i0)

a
fεT

fγα...

bδβ...
+

Vi
L

(i0)

γ
ϕεT

aϕα...

bδβ...
+

Vi
L

(i0)

α
ϕεT

aγϕ...

bδβ...
−

−
Vi
L

(i0)

f
bεT

aγα...

fδβ...
−

Vi
L

(i0)

ϕ
δεT

aγα...

bϕβ...
−

Vi
L

(i0)

ϕ

βε
T aγα...bδϕ...

(34)

• the v2i- covariant derivatives

T aγα...
bδβ...

(1)

| iε = δ1εT
aγα...

bδβ...
+

Vi
C

(i1)

a
fεT

fγα...

bδβ...
+

Vi
C

(i1)

γ
ϕεT

aϕα...

bδβ...
+

Vi
C

(i1)

α
ϕεT

aγϕ...

bδβ...
−

−
Vi
C

(i1)

f
bεT

aγα...

fδβ...
−

Vi
C

(i1)

ϕ
δεT

aγα...

bϕβ...
−

Vi
C

(i1)

ϕ

βε
T aγα...bδϕ...

(35)

• the v2i- covariant derivatives

T aγα...
bδβ...

(2)

| iε = ∂̇2εT
aγα...

bδβ...
+

Vi
C

(i2)

a
fεT

fγα...

bδβ...
+

Vi
C

(i2)

γ
ϕεT

aϕα...

bδβ...
+

Vi
C

(i2)

α
ϕεT

aγϕ...

bδβ...
−

−
Vi
C

(i2)

f
bεT

aγα...

fδβ...
−

Vi
C

(i2)

ϕ
δεT

aγα...

bϕβ...
−

Vi
C

(i2)

ϕ

βε
T aγα...bδϕ... .

(36)
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4 Adapted components of torsion and curvature ten-
sors

The study of the adapted components of the torsion and curvature tensors
of an arbitrary N -linear connection DΓ(N) on Osc2M was done in [2]. In
what follows, we study the adapted components of the torsion and curvature

tensors for the induced tangent connection D>Γ
(
Ň
)

=

(
Vi
L

(i0)

α
βδ,

Vi
C

(i1)

α
βδ,

Vi
C

(i2)

α
βδ

)
,

(i = 0, 1, 2;V0 = H) , (28).

Theorem 6. The torsion tensor T of the induced tangent connection D>Γ
(
Ň
)

is characterized by the following local adapted d-tensors:

H
T

(00)

α
βγ =

H
L

(00)

α
βγ −

H
L

(00)

α
γβ ,

V1
T

(01)

α
βγ = R

(01)

α
βγ = δγN

1

α
β − δβN

1

α
γ ,

V2
T

(02)

α
βγ = R

(02)

α
βγ = δγN

2

α
β − δβN

2

α
γ +N

1

α
ε

(
δγN

1

ε
β − δβN

1

ε
γ

)
,

H
P

(10)

α
βγ =

H
C

(01)

α
βγ

V1
P

(11)

α
βγ = δ1γN

1

α
β −

V1
L

(10)

α
γβ

H
P

(20)

α
βγ = 0

V1
P

(21)

α
βγ = ∂̇2γN

1

α
β

V2
P

(12)

α
βγ = δ1γN

2

α
β − δβN

1

α
γ +N

1

α
ε

(
δ1γN

1

ε
β

)
V2
P

(22)

α
βγ = ∂̇2γN

2

α
β +N

1

α
ε

(
∂̇2γN

1

ε
β

)
−

V2
L

(20)

α
γβ,,

(37)

V1
Q

(21)

α
βγ = 0 ,

V2
Q

(22)

α
βγ = ∂̇2γN

1

α
β −

V2
C

(21)

α
γβ,

V1
S

(11)

α
βγ = 0 ,

V2
S

(12)

α
βγ = R

(12)

α
βγ = δ1γN

1

α
β − δ1βN

1

α
γ ,

V1
S

(21)

α
βγ = 0 ,

V2
S

(22)

α
βγ = 0.

Proof. Using the general local expressions from [2] which generally give the d-
components of the torsion tensor of an N -linear connection, DΓ(N), we deduce

that the adapted components of the torsion tensor of D>Γ
(
Ň
)

are given by the
formulas from the theorem.
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In the next calculus we need the following d-tensor fields:

V1
T
(0)

α
βγ =

V1
L

(10)

α
βγ −

V1
L

(10)

α
γβ,

V2
T
(0)

α
βγ =

V2
L

(20)

α
βγ −

V2
L

(20)

α
γβ,

H
P

(11)

α
βγ = B

(11)

α
βγ −

H
L

(00)

α
γβ,

V2
P

(11)

α
βγ = B

(11)

α
βγ −

V2
L

(20)

α
γβ,

H
P

(22)

α
βγ = B

(22)

α
βγ −

H
L

(00)

α
γβ,

V1
P

(22)

α
βγ = B

(22)

α
βγ −

V1
L

(10)

α
γβ,

H
Q

(22)

α
βγ = B

(21)

α
βγ −

H
C

(01)

α
γβ,

V1
Q

(22)

α
βγ = B

(21)

α
βγ −

V1
C

(11)

α
γβ,

H
S
(1)

α
βγ =

H
C

(01)

α
βγ −

H
C

(01)

α
γβ,

V2
S
(1)

α
βγ =

V2
C

(21)

α
βγ −

V2
C

(21)

α
γβ,

H
S
(2)

α
βγ =

H
C

(02)

α
βγ −

H
C

(02)

α
γβ,

V1
S
(2)

α
βγ =

V1
C

(12)

α
βγ −

V1
C

(12)

α
γβ.

(38)

Theorem 7. The curvature tensor R of the induced tangent connection D>Γ
(
Ň
)

is characterized by the following local adapted d-tensors:

H
R

(00)
β
α
γδ = δδ

H
L

(00)

α
βγ − δγ

H
L

(00)

α
βδ +

H
L

(00)

ε
βγ

H
L

(00)

α
εδ −

H
L

(00)

ε
βδ

H
L

(00)

α
εγ +

H
C

(01)

α
βσR01

σ
γδ

H
P

(10)
β
α
γδ = δ1δ

H
L

(00)

α
βγ −

H
C

(01)

α
βδ |0γ +

H
C

(01)

α
βσ

H
P

(11)

σ
γδ ,

H
P

(20)
β
α
γδ = ∂̇2δ

H
L

(20)

α
βγ −

H
C

(01)

α
βσ

V1
P

(21)

σ
γδ,

H
Q

(20)
β
α
γδ = ∂̇2δ

H
C

(01)

α
βγ ,

H
S

(20)
β
α
γδ = 0,

H
S

(10)
β
α
γδ = δ1δ

H
C

(01)

α
βγ − δ1γ

H
C

(01)

α
βδ +

H
C

(01)

ε
βγ

H
C

(01)

α
εδ −

H
C

(01)

e
βδ

H
C

(01)

α
eγ ,

(39)

Vi
R

(0i)
β
α
γδ = δδ

Vi
L

(i0)

α
βγ − δβ

Vi
L

(i0)

α
βδ +

Vi
L

(i0)

e
βγ

Vi
L

(i0)

α
eδ −

Vi
L

(i0)

e
βδ

Vi
L

(i0)

α
eγ +

Vi
C

(i1)

α
βσ R

(01)

σ
γδ,

Vi
P

(1i)
β
α
γδ = δ1δ

Vi
L

(i0)

α
βγ −

Vi
C

(i1)

α
βδ |iγ +

Vi
C

(i1)

α
βσ

Vi
P

(11)

σ
γδ ,

Vi
P

(2i)
β
α
γδ = ∂̇2δ

Vi
L

(2i)

α
βγ +

Vi
C

(i1)

α
βε

V1
P

(21)

ε
γδ,

Vi
Q

(1i)
β
α
γδ = 0 ,

Vi
S

(1i)
β
α
γδ = ∂̇2δ

Vi
C

(i1)

α
βγ − ∂̇2γ

Vi
C

(i1)

α
βδ +

Vi
C

(i1)

ε
βγ

Vi
C

(i1)

α
εδ−

Vi
C

(i1)

ε
βδ

Vi
C

(i1)

α
εγ ,

Vi
S

(2i)
β
α
γδ = 0,

(40)
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(
i = 1, 2; j = 1, 2

Vi
P

(12)

α
βδ = P

(12)

α
βδ,

Vi
P

(21)

α
βδ = P

(21)

α
βδ, R

(22)

α
βδ = 0

)
.

Proof. The general formulas that express the local curvature d-tensors of an arbi-
trary N-linear connection (for more details, see [2]), applied to the induced tangent

connection D>Γ
(
Ň
)
, imply the above formulas.

5 The Bianchi identities in the adapted basis

From the general theory of linear connections on a vector bundle, one knows
that the torsions T and curvature R of a connection D on the 2-osculator space
E = Osc2M are interrelated by the following general Bianchi identities (for any
X,Y, Z, U ∈ X (E)):∑

{X,Y,Z}
{(DXT) (Y,Z)− R(X,Y )Z + T (T(X,Y ), Z)} = 0,

∑
{X,Y,Z}

(DXR) (Y,Z, U) + R (T(X,Y ), Z)U = 0,

where Σ{X,Y,Z} means a cyclic sum. Obviously, working with an N-linear connec-

tion and the local adapted basis of d-vector fields (Xα) ⊂ X
(
Ě
)
, Ě = Osc2M̌,

(associated with the induced nonlinear connection Ň on Ě), the above Bianchi
identities are locally described by the equalities:∑

{A,B,C}

{
RFABC − TFAB:C − TGABTFCG

}
= 0,

∑
{A,B,C}

{
RFDAB:C + TGABRFDCG

}
= 0,

(41)

where R(XA, XB)XC = RDCBAXD, T(XA, XB) = TDBAXD, and ”:C” represents

one of the local covariant derivatives ”|iα”, ”
(1)

| iα” or ”
(2)

| iα” from (34), (35) and
(36) (for similar details, see the works [6], [9]). Consequently, we find:

Theorem 8. For the induced tangent connection with the coefficients D>Γ
(
Ň
)

=(
Vi
L

(i0)

α
βδ,

Vi
C

(i1)

α
βδ,

Vi
C

(i2)

α
βδ

)
, (i = 0, 1, 2;V0 = H), the following Bianchi identities hold:

0∑[
T

(0i)

α
βγ|iδ+

Vi
T
(0)

ϕ
βγ T

(0i)

α
δϕ+ T

(01)

ϕ
βγ P

(1i)

α
δϕ + T

(02)

ϕ
βγ P

(2i)

α
δϕ −

Vi
R

(00)

α
β γδ

]
= 0 , (i = 0, 1, 2) ,

where
0
R

(00)

α
β γδ = R

(00)

α
β γδ,

Vj
R

(00)

α
β γδ = 0, (j = 1, 2) ,
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T
(0i)

α
βγ

(1)

| iδ − P
(1i)

α
βδ|iγ + P

(1i)

α
γδ|iβ−

−
Vi
T
(0)

ϕ
βγ P

(1i)

α
ϕδ − C

(1i)

ϕ
βδ T

(0i)

α
γϕ + C

(1i)

ϕ
γδ T

(0i)

α
βϕ+

+ T
(01)

ϕ
βγ S

(1i)

α
δϕ −

Vi
P

(11)

ϕ
βδ P

(1i)

α
γϕ +

Vi
P

(11)

ϕ
γδ P

(1i)

α
βϕ+

+ T
(02)

ϕ
βγ Q

(2i)

α
δϕ − P

(12)

ϕ
βδ P

(2i)

α
γϕ + P

(12)

ϕ
γδ P

(2i)

α
βϕ −

Vi
A

(10)

α
β γδ = 0 , (i = 0, 1, 2) ,

(42)

where
H
A

(10)

α
β γδ = P

(10)

α
β γδ − P

(10)

α
γ βδ,

V1
A

(10)

α
β γδ = R

(01)

α
δ βγ ,

V2
A

(10)

α
β γδ = 0,

T
(0i)

α
βγ

(2)

| iδ − P
(2i)

α
βδ|iγ + P

(2i)

α
γδ|iβ−

−
Vi
T
(0)

ϕ
βγ P

(2i)

α
ϕδ − P

(20)

ϕ
βδ T

(0i)

α
γϕ + P

(20)

ϕ
γδ T

(0i)

α
βϕ−

− T
(01)

ϕ
βγ Q

(2i)

α
ϕδ − P

(21)

ϕ
βδ P

(1i)

α
γϕ + P

(21)

ϕ
γδ P

(1i)

α
βϕ−

− T
(02)

ϕ
βγ S

(2i)

α
ϕδ −

Vi
P

(22)

ϕ
βδ P

(2i)

α
γϕ +

Vi
P

(22)

ϕ
γδ P

(2i)

α
βϕ −

Vi
A

(20)

α
β γδ = 0 , (i = 0, 1, 2) ,

(43)

where

H
A

(20)

α
β γδ = P

(20)

α
β γδ − P

(20)

α
γ βδ,

V1
A

(20)

α
β γδ = 0,

V2
A

(20)

α
β γδ = R

(02)

α
δ βγ ,

P
(1i)

α
βγ

(1)

| iδ − P
(1i)

α
bd

(1)

| iγ + S
(1i)

α
γδ|iβ−

− C
(i1)

ϕ
βγ P

(1i)

α
ϕδ + C

(i1)

ϕ
βδ P

(1i)

α
ϕγ+

+
Vi
P

(11)

ϕ
βγ S

(1i)

α
δϕ −

Vi
P

(11)

ϕ
βδ S

(1i)

α
γϕ +

Vi
S
(1)

ϕ
γδ P

(1i)

α
βϕ+

+ P
(12)

ϕ
βγ Q

(2i)

α
δϕ − P

(12)

ϕ
βδ Q

(2i)

α
γϕ + S

(12)

ϕ
γδ P

(2i)

α
βϕ −

Vi
A

(11)

α
β γδ = 0 , (i = 0, 1, 2) ,

(44)

where
H
A

(11)

α
β γδ = S

(10)

α
β γδ,

V1
A

(11)

α
β γδ = P

(11)

α
δ βγ − P

(11)

α
γ βδ,

V2
A

(11)

α
β γδ = 0,

P
(2i)

α
βγ

(1)

| iδ − P
(1i)

α
βδ

(2)

| iγ − Q
(2i)

α
δγ|iβ−

− C
(i2)

ϕ
βγ P

(1i)

α
fd + C

(i1)

ϕ
βδ P

(2i)

α
ϕγ − C

(i2)

ϕ
δγ P

(1i)

α
βϕ+

+ P
(21)

ϕ
βγ S

(1i)

α
δϕ +

Vi
P

(11)

ϕ
βδ Q

(2i)

α
ϕγ −

Vi
Q

(22)

ϕ
δγ P

(2i)

α
βϕ+

+
Vi
P

(22)

ϕ
βγ Q

(2i)

α
δϕ + P

(12)

ϕ
βδ S

(2i)

α
ϕγ −

Vi
A

(12)

α
β γδ = 0 , (i = 0, 1, 2) ,

(45)
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where
H
A

(12)

α
β γδ = 0,

V1
A

(12)

α
β γδ = P

(21)

α
δ βγ ,

V2
A

(12)

α
β γδ = − P

(12)

α
γ βδ,

P
(2i)

α
βγ

(2)

| iδ − P
(2i)

α
βδ

(2)

| iγ + S
(2i)

α
γδ|iβ−

− C
(i2)

ϕ
βγ P

(2i)

α
ϕδ + C

(i2)

ϕ
βδ P

(2i)

α
ϕγ +

Vi
S
(2)

ϕ
γδ P

(2i)

α
βϕ−

− P
(21)

ϕ
βγ Q

(2i)

α
ϕδ + P

(21)

ϕ
βδ Q

(2i)

α
ϕγ−

− P
(22)

ϕ
βγ S

(2i)

α
ϕδ + P

(22)

ϕ
βδ S

(2i)

α
ϕγ −

Vi
A

(22)

α
β γδ = 0 , (i = 0, 1, 2) ,

(46)

where
H
A

(22)

α
β γδ = S

(20)

α
β γδ,

V1
A

(22)

α
β γδ = 0,

V2
A

(22)

α
β γδ = P

(22)

α
δ βγ − P

(22)

α
γ βδ,

0∑[
S

(1j)

α
βγ

(1)

| jδ +
Vj
S
(1)

ϕ
βγ S

(1j)

α
δϕ + S

(12)

ϕ
βγ Q

(2i)

α
δϕ −

Vj
S

(11)

α
β γδ

]
= 0 , (j = 1, 2) ,

(47)
where

1
S

(11)

α
β γδ = S

(11)

α
β γδ,

2
S

(11)

α
β γδ = 0,

S
(1j)

α
βγ

(2)

| βδ − Q
(2j)

α
βδ

(1)

| βγ + Q
(2j)

α
γδ

(1)

| βb−

−
Vj
S
(1)

ϕ
βγ Q

(2j)

α
ϕδ − C

(j2)

ϕ
βδ S

(1j)

α
γϕ + C

(j2)

ϕ
γδ S

(1j)

α
βϕ−

− S
(12)

ϕ
βγ S

(2j)

α
ϕδ −

Vj
Q

(22)

ϕ
βδ Q

(2j)

α
γϕ +

Vj
Q

(22)

ϕ
γδ Q

(2j)

α
βϕ −

Vj
B

(21)

α
β γδ = 0 , (j = 1, 2) ,

(48)

where
V1
B

(21)

α
β γδ = Q

(21)

α
β γδ − Q

(21)

α
γ βδ,

V2
B

(21)

α
β γδ = S

(12)

α
δ βγ ,

Q
(2j)

α
βγ

(2)

| jδ − Q
(2j)

α
βδ

(2)

| jγ + S
(2j)

α
γδ

(1)

| jβ−

− C
(j2)

ϕ
βγ Q

(2j)

α
ϕδ + C

(j2)

ϕ
βδ Q

(2j)

α
ϕγ +

Vj
S
(2)

ϕ
γδ Q

(2j)

α
βϕ−

− Q
(22)

ϕ
βγ S

(2j)

α
ϕδ + Q

(22)

ϕ
βδ S

(2j)

α
ϕγ −

Vj
B

(22)

α
β γδ = 0 , (j = 1, 2) ,

(49)

where
V1
B

(22)

α
β γδ = S

(21)

α
β γδ,

V2
B

(22)

α
β γδ = Q

(22)

α
δ βγ − Q

(22)

α
γ βδ,

0∑[
S

(22)

α
βγ

(2)

| 2δ + S
(22)

ϕ
βγ S

(22)

α
δϕ − S

(22)

α
β γδ

]
= 0, (50)



Bianchi identities 131

and

0∑[
R

(0i)

ε
α βγ|iδ + R

(0i)

ε
α βϕ

Vi
T
(0)

ϕ
γδ + P

(1i)

ε
α βϕ R

(01)

ϕ
γδ + P

(2i)

ε
α βϕ R

(02)

ϕ
γδ

]
= 0, (i = 0, 1, 2) ,

(51)

R
(0i)

ε
α βγ

(1)

| iδ − P
(1i)

ε
α βδ|iγ + P

(1i)

ε
α γδ|iβ−

−
Vi
T
(0)

ϕ
βγ P

(1i)

ε
α δϕ − C

(i1)

ϕ
βδ R

(0i)

ε
α γϕ + C

(i1)

ϕ
γδ R

(0i)

ε
α βϕ+

R
(0i)

ε
α βγ

(2)

| iδ − P
(2i)

ε
α βδ|iγ + P

(2i)

ε
α γδ|iβ−

−
Vi
T
(0)

ϕ
βγ P

(2i)

ε
α ϕδ − C

(i2)

ϕ
βδ R

(0i)

ε
α γϕ + C

(i2)

ϕ
γδ R

(0i)

ε
α βϕ−

− R
(01)

ϕ
βγ Q

(2i)

ε
α ϕδ − P

(21)

ϕ
βδ P

(1i)

ε
α γϕ + P

(21)

ϕ
γδ P

(1i)

ε
α βϕ+

+ R
(02)

ϕ
βγ S

(2i)

ε
α δϕ −

Vi
P

(22)

ϕ
βδ P

(2i)

ε
α γϕ +

Vi
P

(22)

ϕ
γδ P

(2i)

ε
α βϕ = 0 , (i = 0, 1, 2) ,

(52)

P
(1i)

ε
α βγ

(1)

| iδ − P
(1i)

ε
α βδ

(1)

| iγ + S
(1i)

ε
α γδ

(1)

| iβ−

− C
(i1)

ϕ
βγ P

(1i)

ε
α ϕδ + C

(i1)

ϕ
βδ P

(1i)

ε
α ϕγ+

+
Vi
P

(11)

ϕ
βγ S

(1i)

ε
α δϕ +

Vi
P

(11)

ϕ
βδ S

(1i)

ε
α ϕγ +

Vi
S
(1)

ϕ
γδ P

(1i)

ε
α βϕ+

+ P
(12)

ϕ
βγ Q

(2i)

ε
α δϕ − P

(12)

ϕ
βδ Q

(2i)

ε
α γϕ + S

(12)

ϕ
γδ P

(2i)

ε
α βϕ = 0 , (i = 0, 1, 2) ,

(53)

P
(2i)

ε
α βγ

(1)

| iδ − P
(1i)

ε
α βδ

(2)

| iγ − Q
(2i)

ε
α δγ|iβ−

− C
(i2)

ϕ
βγ P

(1i)

ε
α ϕδ + C

(i1)

ϕ
βδ P

(2i)

ε
α ϕγ+

+ P
(21)

ϕ
βγ S

(1i)

ε
α δϕ +

Vi
P

(11)

ϕ
βδ Q

(2i)

ε
α ϕγ − C

(i2)

ϕ
δγ P

(1i)

ε
α βϕ+

+
Vi
P

(22)

ϕ
βγ Q

(2i)

ε
α δϕ + P

(12)

ϕ
βδ S

(2i)

ε
α ϕγ −

Vi
Q

(22)

ϕ
δγ P

(2i)

ε
α βϕ = 0 , (i = 0, 1, 2) ,

(54)

P
(2i)

ε
α βγ

(2)

| iδ − P
(2i)

ε
α βδ

(2)

| iγ + S
(2i)

ε
α γδ|iβ−

− C
(i2)

ϕ
βγ P

(2i)

ε
α ϕδ + C

(i2)

ϕ
βδ P

(2i)

ε
α ϕγ−

− P
(21)

ϕ
βγ Q

(2α)

ε
α ϕδ + P

(21)

ϕ
βδ Q

(2α)

ε
α ϕγ−

−
Vi
P

(22)

ϕ
βγ S

(2i)

ε
α ϕδ +

Vi
P

(12)

ϕ
βδ S

(2i)

ε
α ϕγ −

Vi
S
(2)

ϕ
γδ P

(2i)

ε
α βϕ = 0 , (i = 0, 1, 2) ,

(55)
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0∑[
S

(1i)

ε
α βγ

(1)

| iδ +
Vi
S
(1)

ϕ
βγ S

(1i)

ε
α δϕ + S

(12)

ϕ
βγ Q

(2i)

ε
α δϕ

]
= 0 , (i = 0, 1, 2) , (56)

S
(1i)

ε
α βγ

(2)

| iδ − Q
(2i)

ε
α βδ

(1)

| iγ + Q
(2i)

ε
α γδ

(1)

| iβ−

−
Vi
S
(1)

ϕ
βγ Q

(2i)

ε
α ϕδ − C

(i2)

ϕ
βδ S

(1i)

ε
α γϕ + C

(i2)

ϕ
γδ S

(1i)

ε
α βϕ−

− S
(12)

ϕ
βγ S

(2i)

ε
α ϕδ −

Vi
Q

(22)

ϕ
βδ Q

(2i)

ε
α γϕ +

Vi
Q

(22)

ϕ
γδ Q

(2i)

ε
α βϕ = 0 , (i = 0, 1, 2) ,

(57)

Q
(2i)

ε
α βγ

(2)

| iδ − Q
(2i)

ε
α βδ

(2)

| iγ + S
(2i)

ε
α γδ

(1)

| iβ−

− C
(i2)

ϕ
βγ Q

(2i)

ε
α ϕδ + C

(i2)

ϕ
βδ Q

(2α)

ε
α ϕγ −

Vi
S
(2)

ϕ
γδ Q

(2i)

ε
α βϕ−

−
Vi
Q

(22)

ϕ
βγ S

(2i)

ε
α ϕδ +

Vi
Q

(22)

ϕ
βδ S

(22)

ε
α ϕγ = 0 , (i = 0, 1, 2) ,

(58)

0∑[
S

(2i)

ε
α βγ

(2)

| iδ +
Vi
S

(22)

ϕ
βγ S

(22)

ε
α δϕ

]
= 0 , (i = 0, 1, 2) . (59)

Here, everywhere,
0∑

means cyclic sum over (δ, γ, β).

Proof. Taking into account that the indices A,B,C,D... are of type α, β, γ, δ and
the torsion TCAB and curvature RDABC adapted components are given in (37), (39)
and (40), after laborious local computations, the formulas (41) imply the required
Bianchi identities.

Remark 1. We point out that, the induced tangent connection D>Γ
(
Ň
)

=(
Vi
L

(i0)

α
βδ,

Vi
C

(i1)

α
βδ,

Vi
C

(i2)

α
βδ

)
, (i = 0, 1, 2;V0 = H) , (28) does not coincide with the canon-

ical intrinsic N-linear metric connection of the submanifold Osc2M̌, DΓ (N) =(
Vi
L

(i0)

α
βδ,

Vi
C

(i1)

α
βδ,

Vi
C

(i2)

α
βδ

)
, (i = 0, 1, 2;V0 = H) . For this reason, the Bianchi identities

produced by these N-linear connections do not coincide.
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