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CLASSES OF HARMONIC FUNCTIONS DEFINED BY
SALEGEAN-TYPE ¢— DIFFERENTIAL OPERATORS

Jay M. JAHANGIRI', Kaliappan UMA*? and Kaliappan VIJAYA?

Abstract

We consider a complex-valued harmonic functions that are univalent can
be written in the form f = h 4+ g, where h and g are analytic, in a simply
connected domain U and sense preserving in U, is that |h'(z)| > |¢'(2)| in U.
Making use of Salegean ¢g— differential operators, we define a new subclasses
harmonic starlike functions and obtain sufficient coefficient bounds, distor-
tion theorems and extreme points for f in the new function class. Moreover,
we shown that these necessary coefficient bounds are also sufficient for those
functions that have negative coefficients.
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1 Introduction

A continuous function f = u + v is a complex- valued harmonic function in
a complex domain 2 if both v and v are real and harmonic in €. In any simply
connected domain D C € we can write f = h + g where h and g are analytic in
D. We call h the analytic part and g the co-analytic part of f. A necessary and
sufficient condition for f to be locally univalent and sense preserving in D is that
()] > 1g'(2)] in D (see [2]).

Let H be the family of functions f = h + g which are harmonic univalent and
sense preserving in the open unit disc U = {z : |z| < 1} so that f is normalized
by f(0) = h(0) = f.(0) — 1 = 0. Such functions f = h + g € H may be expressed
by

f2) =2+ an2" + Y b2", |br] < 1. (1)
n=2 n=1
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We note that the family H of orientation preserving, normalized harmonic
univalent functions reduces to the well known class & of normalized univalent
functions if the co-analytic part of f = h + 7 is identically zero, that is g = 0. We
let I be the subclass of H consisting harmonic functions of the form f,, = h+gm

where
z)=z+ Z anz", gm(z) = (fl)mz bp 2" (2)
n=2 n=1

so that a,, > 0 and b, > 0.

We recall the notion of g-operators or g-difference operators that play vital
roles in the theory of hypergeometric series, quantum physics and operator the-
ory. The application of ¢-calculus was initiated by Jackson [4] and Kanas and
Réducanu [8] who have used the fractional ¢-calculus operators in investigations
of certain classes of functions which are analytic in U. For more details on ¢-
calculus and its applications one can refer to [1, 3, 4, 8] and the references cited
therein.

For 0 < g < 1 the Jackson’s g-derivative of a function f € 8 is given as follows

[4]
f(z) = flaz)
O N (e R g
1'(0) for z=0,
D2f(2) = Dg(Dqf(2)).
From (3), we have D,f(z) = 1+ Z[ lganz""1 where [n], = % is sometimes

called the basic number n. If ¢ —> 1 then [n] — n. For f € 8, Govindaraj and
Sivasubramanian [3] considered the Salagean g-differential operators

Dif(z) = f(2),
Dyf(2) = zDgf(2),
Di'f(z) = zDy(Dg~"f(2)),

Di'f(z) = 2+ Z[n]manz” (m € Ny, z € U).
We note that if lim;, — 1~ then
D"f(z)=z+ Z[n]manz" (m € Ng,z € U)

is the familiar Salagean derivative[9]. Recently Jahangiri [6] considered a gener-
alized Salegean g— differential operator for harmonic function f = h+g € H
defined for m > —1 by

D" f(z) = DI"h(2)+(~1)"Dirg(2) —z—i—Z Tan?" (=)™ [n]7

n=1
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As a generalization of the functions defined in [6], for 0 < a < 1, we let
HRG (A, @) be the subclass of H consisting of functions f = h +g of the form (1)

so that " )
Dy f(2
! <<1 “NDp ) +Asz“f<z>> = )

where 0 < A < 1, Di*f is given by (4) and 2z € U. We also let ﬁﬂ%;n(/\,a) =
HRG' (A, ) N J. Obviously, for A = 0 we have ﬁfR;n()\, a) = ﬁfR;n(a) considered
in [6]. Tt is the aim of this paper to obtain sufficient coefficient bounds, distortion
theorems and extreme points for functions in HR;'(A, ). Moreover we show that

these necessary coefficient bounds are also sufficient for functions in ﬁfR;n()\, Q).

2 Main Results

First we obtain a sufficient coefficient condition for functions in HRy" (A, ).

Theorem 1. Let f = h+g be given by (1). If

> Ily {([nly — a = aA([nly = 1)lan| + ([n]g + @ = aA([nlg + 1)|bal} < 2(1 — a)

n=1
(6)
where ay =1 and 0 < o < 1, then f € HR' (A, ).

Proof. We will show that if (6) holds for the coefficients of f = h + g then the
required condition (5) is satisfied. We note that (5) can be rewritten as

DIU(z) — (~1)" Dy ig(2)
R d E—
(1= N(Dh(z) + (~1)"Dyig(=)) + MDy+h(z) - (1) Dy g(2))

A(z)
= >
B(z) ~
where
A(z) = DI Uh(z) — (1) Dy g(2) —z—i—z ]y an2" = (—=1)™ Y [n]r o,z
n=1
and

B(z) = (1 = \)(Dg'h(2) + (=1)"Dirg(2)) + MDy 1 h(z) — (=1)" Dy g(2) )
=24+ > (= A+ Anlganz" + (=1)™ > [l (1 = X = Aln)bnz"
n=2 n=1

Using the fact that ® {w} > « if and only if |1 — a+ w| > |1 + o — w|, it suffices
to show that

[A(2) + (1 = ) B(2)| = [A(z) = (1 + a)B(2)[ > 0. (7)
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Substituting for A(z) and B(z) in (7), we get
|A(2) + (1 =) B(2)| = [A(2) = (1 + @) B(2)]|

= | 2—a)z+ Z[n];"{[n]q +1—a(l =X+ An]y)tanz"

—(=1)™ Y [nly{[nlg — (1 — )(1 = A+ A[ng) }bn 2" |
n=1
— | az+z — (14 a)(1 = A+ A[n)y) tan2"

—(=1)" Y Il {nlg + (1 + @) (1= X+ Alng) }onz" |

v

(2= a)lzl = Y]y {[nlg + (1 — a)(L = A+ Alnlg) Han||=]"

n=2

= [nlg{lnlg — (1 = a)(L = A = Alnlg)Hbnl |2]"

o

21— a)fzl (2~ Y poly [0 TNl =Dy,

—

Y

n=1

2(1 _ a) (2 _ Z[n]m[[n]q —a— aA([n]q — 1) ’an’

g 1—a

Y

n=1

+

[nlg + o — aX([nlq + 1) ‘bn|D

11—«
The above expression is non negative by (6) and so f(z) € HRJ"(A, a). O

For A = 0 we obtain the following corollary which is also given by Jahangiri
[6].

Corollary 1. Let f = h+ g be given by (1). If

Z @)|an| + ([n]g + @) |ba|} < 2(1 — )

where a; =1 and 0 < a < 1, then f € HRJ ().
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The starlikeness of the functions given in Theorem 1 follows from Theorem 1
given in [5] and noticing that

[n]g —a—aX([n]g—1) < [nf —a <n-a

and
[nlg +a—aX([nlg+1) < [n)g+a <n+a.

Next we show that the coefficient bounds (6) are also sufficient for functions
in HRF' (A, ).

Theorem 2. Let f,, = h+ G, given by (2)is € ﬁﬂ%g”()\, a) if and only if

> Inlg {(In]g — @ = aA([nly = 1))ay + (In]g + @ = aA([n]y +1)ba} < 2(1 - @)

n=1
(8)
where a1 =1 and 0 < o < 1.

Proof. Since ﬁﬂ%;n()\, a) C HRY' (A, ), we only need to prove the "only if” part
of the theorem. To this end, for functions f,, = h + g, in ﬁquqn(/\, «) we must

have »
Dy fm(2)
" ((1—A)Dznfm(Z)JrADS”“fm(Z)) =0

or equivalently,

(1-a)z— fQ[n]y{[n]q = 0= ar([n]y — 1)}anz”
R _ n= -
N n§2[n]7q"(1 — A+ Anfg)anz + (—1)2m ngl[n]g”‘(l — A — A[n]y)b,Z"
(=1 f [n]g'{[nlg + a — aX([n]q + 1) }b,2"
_gfe — n=1 _ 2 0
z— ZZDQ[n]Z”(l — A+ A[n]g)anz" + (—1)2m ;[n];nu — A= A[n)g)bnZ"

The above condition must hold for all values of z in U. Upon choosing the
values of z on the positive real axis where 0 < z =r < 1, we must have

(1 =)= D lnly{[n)y — @ = a(lnl, = D}anr""

n=2

fz nly + a — ax([nlg 1)}bnr”_1> X
n=1

o0

X ( Z (1= XA+ [n]gN)anr™ ™ + Z n]q)\)bnr”’1>_1
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If the condition (8) does not hold, then the numerator in the above inequality
is negative for r sufficiently close to 1. Hence, there exists zg = ro in (0,1) for
which the left hand side of the above inequality is negative. This contradicts the
required condition for f(z) € HRI"(A, ) and so the proof is complete. O

Next we determine the extreme points of closed convex hulls of ﬁfRfln()\, a)

denoted by clcoHRI (X, a).

Theorem 3. A function fn(z) € ﬁfR;"()\,oz) if and only if

Z ) + Yogn,, (2))

n=1

where hy(z) = z, hy(z) = 2z — [n]?{[n]q_i__‘z)\([n]q_l)}z”; (n > 2), and gn,,(2) =

(D)™ (1-a) —n. < _
A amaa (e 2 2 2 (e Ty =1 X2 Oand Yo 2 0

In particular, the extreme points of HRI' (X, a) are {hn} and {gn,, }.

Proof. First, we note that for f,, as given in the theorem, we may write

—

n=

fm(z) = Z +Yngnm( ))

> l—« n
D D B e v R

n=1
= 2= A"+ (-1 ) Bz,
n=2 n=1
where
11—«
An = Xm
[n]g{lnlg — o — aX([n]g — 1)}
l—«
B, = Y,
[n]g{[n]q + o — aX([n]g + 1)}
Therefore

o0 o
=3 Xo4 ) Yu=1-X; <1,
n=2 n=1
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and hence f,,(z) € clcoﬁme()\ a). Conversely, suppose f,(z) € clcoﬁﬂ%g”‘()\,a).

Set Xn — [n}q {[ }q ? z/\([n]q 1)}A nd Yn — [n]gl{[n]q+(11:§)‘([n}q71)}Bn’ Where
> (Xn+Y,) =1. Then
n=1

—Z—Zanz +( mibn
n=1

o0

11—« n
== 2 el —a— (i, — D)

n=2 q

. [e’¢) 11—« En
Y ; [n]7{[n]g + o — aX([n]q —1)}Yn

o0

:z—Z(h ) —2) X, —l—Zgnm ) —2)Y,

n=2

—Z (Xnhn(2) + Yngn,, (2))

as required. ]

Next we give distortion bounds and a covering result for the class ﬁﬂ%;”()\, Q).

Theorem 4. Let f,, € ﬁﬂyqn(/\,a). Then for |z| =r < 1, we have

1 et l+a
=) g <[2}q - _a_wbl) 12 < [ fnl2)]
1 1—a 1+
< (1+b)r+ 2 ([Q]q—a—oz)\ - [Q]q—a—a)\lh) r2.

Proof. We only prove the right hand inequality. Taking the absolute value of
fm(2), we obtain

|fm(2)] = z+Zanz +(—1)m2bnz”
n=2 n=1

< (L+bo)lel+ ) (an +ba)l2[”
n=2

< (Q4b)r+ > (an+by)r’
n=2
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l—«

< (1+4+by)r+ 2 (2, — o — N

§2<M?@%—j—aﬂmr%M?@%—j—aﬂm>ﬁ
, -« _14a 2
. “*“)*mepb—a—am<l an)

1 l-« 1+« 9
< 1+5b — b .
= (*'””+m$<mb—a—ax pu—a—axl)r

The proof of the left hand inequality is similar and is omitted. O

As a consequence of Theorem 4 we obtain the following corollary.

Corollary 2. Let f,(2) € ﬁﬂ%;”()\,a). Then

27 (2l —a—ad) —1+a 272l —a—a)) - (1+a) }
w: |lw| < — b1 ¢ C fr(U).
R ey 2@, —a-ax <m0
Proof. For completeness, we provide a brief justification. Using the left hand

inequality of Theorem 4 and letting » — 1, it follows that

1 11—« 1+«
“‘“”‘Mm<mb—a—ax‘ph—a—aﬁg

1
=00 ], —a —an)

(1=0)R[7' (2l —a—ad) —(1-a)+ (1 +a)b

- 217 ([2lg — o = aX)

2] ([2lg —a—aX) = 217([2lg —a —aX)by — (1 —a) + (1 + )by

27 ([2lg — o = aX)

21" (12l —a—aX) -1+ a - [[2]7'([2g —a—ad) — (1 + )by

217 ([2lg — o = a))

2172y —a—aX) —1+a 272 —a-al) - (1+0)

T @ —a—an  Ep(@,—a-ay O

1—a—(1+a)b]

O]

Finally we show that class ﬁfRZl(/\, a) is closed under convex combinations.
Theorem 5. The family ﬁfRZ"‘()\,a) is closed under conver combinations.

Proof. For i =1,2,..., suppose that f,,. € ﬁCR;”()\, «) where

fmi (2 —z—zamz +( sznzn.
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Then, by Theorem 2
o [n)g'{[nlq — o — aA([n]y — —aX([nlg + 1)}

Z g I— o CMn"’Z —a a bl,n§1

n=2

o0

For Y t;, 0 <t; <1, the convex combination of f; may be written as
i=1

gtifmi(z):z—z<2tam>z +( Z(thm>

Using the inequality (8), we obtain

e [n]7{[n]g — a — aX(]
> o (zm )
+ Z 1— (Cj n q <i tibi,n>
i=1

St (g el (il - oo =1},
+T§ [n]g'{[n]q + ? - z)\([n]q + 1)}bm)
Pt
and therefore fjl bifm, € TRT(A, ). 0

Concluding Remarks: The results of this paper for the special case A = 0
yield analogous results obtained in [6]. Furthermore, by letting lim, ,;- and
taking A = 0 and m = 0 we obtain the analogous results for the classes studied in

[7] and [5], respectively. Moreover, if we let @« = 0 we obtain the results given in
[10].
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