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HYPERSURFACE OF A FINSLER SPACE WITH RANDERS
CHANGE OF SPECIAL (o, 5)-METRIC

P. N. PANDEY' and Ganga Prasad YADAV*?

Abstract

The aim of the present paper is to discuss different kinds of hypersur-
faces of the Finsler space with Randers change of special (a, 8)-metric of

type L* = a+ A18 + As 6(;:1) + B (where A; and Aj are constants) which
is a generalization of the metric L* = o + €8 + k%Q + B considered in [12].
We have obtained conditions for the hypersurface to be a hyperplane of first,

second or third kinds.
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1 Introduction

M. Matsumoto [6] introduced the concept of («a, 5)-metric on a differentiable
manifold with local coordinates z?, where a? = a;;(x)y'y’ is a Riemannian metric
and B = b;(z)y’ is a 1-form on M™. M. Hashiguchi and Y. Ichijyo [2] studied some
special (a, §)-metrics and obtained interesting results. B. N. Prasad [8] obtained
the Cartan connection for the Finsler space whose metric is transformed by an
h-vector. M. Matsumoto [7] discussed the properties of special hypersurface of a
Randers space with b;(x) as gradient of a scalar function b(x). M. Kitayama [5]
obtained certain results related to Finslerian hypersurface given by S-change. M.
K. Gupta and P. N. Pandey [1] discussed hypersurface of a Finsler space with a
special metric and derived certain properties of a Finslerian hypersurface given by
an h-vector. In 2011, H. Wosoughi [14] discussed hypersurface of special Finsler
space with an exponential («, )-metric and obtained certain results. H. S. Shukla,
Manmohan Pandey and B. N. Prasad [10] studied hypersurface of a Finsler space

with metric E;n:o fil and obtained several results.
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The hypersurface of a Finsler space with some given special metrics has been
studied by authors [13, 15]. A change of a Finsler metric L(z,y) — L* = L(z,y)+
b;(z)y" is called Randers change of metric. The notion of a Randers change was
introduced by Matsumoto, named by Hashiguchi and Ichijyo [3] and studied in
detail by Shibata [11]. A hypersurface M"™~! of the (M™, L) may be represented
parametrically by the equation ' = z¢(u®), a = 1,2,.....,n — 1, where u® are
Gaussian coordinate on M"~!. Since the function L* = L(z(u),y(u,v)) gives
rise to a Finsler metric of M"~ ! we get an (n — 1)-dimensional Finsler space
F=1 = (M™ ! L*(u,v)). The aim of the present paper is to discuss different
kinds of hypersurfaces of the Finsler space with Randers change of special (o, 3)-

metric of type L* = a+ A1 5+ Ao BZZI) + 5 (where A; and Ay are constants) which
is a generalization of the metric L* = a + €8 + k%Q + B considered in [12]. We
have obtained conditions for the hypersurface to be a hyperplane of first, second

or third kinds.

2 Preliminaries

Let M™ be a real smooth manifold of dimension n and let F*"* = (M™, L*) be
a Finsler space on the differentiable manifold M"™ endowed with a fundamental
function L*(z,y), where

(n+1)

L"=a+ A8+ Ay + 3. (1)

an
Differentiating (1) partially with respect to o and 3, we get

. an+17A2nﬁ’n+l

a) Ly = —antl

b) LZ _ (A1+1)0<"Zf2(n+1)5"’

€) Lio = 22l (2)
) Ly = fterart

€) Liy=—"0

where LY, = OL*/0a, Ly = OL*/0B, L}, = OL;/0a, Lzs = OL%/0B and
L5 = 0Ly /0B

The normalized supporting element, the metric tensor, the angular metric
tensor and Cartan tensor are defined by [9]

respectively, where 0; = 8‘;.
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In the Finsler space F*" = (M", L*) the normalized element of support (3a)
and the angular metric tensor (3c¢) are given by [14]

[} = a™ Ly + Lbi, (4)
hfj = pa;j + qob;bj + C]l(bz’Yj + iji) + @Y3Y;, (5)
where |
Y=oy (©
p=L*Lia!
1 2n+2 n+1 gn+1 o1
- a2n+2 [a —Ay(n—1)a"" B + (A1 + 1)fa )
— Aon(A1a" + A" + an)ﬁn—kQ] 7
A 1 .
= Qno(z;j_)[anJrlﬁn1_’_(A1_’_1)an6n+A262n:|’ ( )
q1 = L*LZIBOC_l
A 1)8™ 9
- _W [a"“ + A1 Ba™ 4+ A" + mn] , 9)
@
¢ =La %L, — Lia™)
1 . . )
= W[Az(n2+2n—1)a Hantl L Aon(n 4+ 2){(A41 + 1)« (10)

+ AQﬂn},BnJrQ _ (Al + 1)5a2n+1 _ Oé2n+2:| )

In the Finsler space F*" = (M", L*) the fundamental metric tensor (3b) is
given by [14]

g;kj = pa;j + pobib; + pl(bz’Yj + ijQ) + p2YiY;, (11)
where
po=aqo + Ly
- % [A2(A1 + 1)(n2 +3n +2)a" " + (A + 1)2a2n 2
+ Agn(n + 1) 15" 4 A5 (20" + 3 + 1)62”] ,
p1=q+ L 'pL}
B ﬁ [Amnﬁn{(l —n?)a—nB(Ai+1)(n+2)} (13)

—2A3n(n + 1)B2 4 (A + 1)&"“} ,
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po = qo + p*L* 2

1
— 2n+4 Ag(n _1) n+1ﬂn+1_’_2Agn(n+1)ﬂ2n+2

+ (A1 +1) {Aan(n + 2)a” 8" T2 — Ba® 1
The reciprocal tensor ¢** of g;; is given by
g7 = p~ta — Spb'V — S1(b'y’ +Vy") — Say'y’, (15)
a) b = ab;, b? = a;;b'H

o
Il

b) S {ppo+(pop2—p7)a}

Y ?
¢) S = {pp1—(pTo;n—p%)ﬂ7 (16)
d) Sy = {pp2+(pop2—p})b?

TP ’
e) 7= p(p+pob® +p1B) + (pop2 — p7)(a?b? — 7).
For the Finsler space F*" the hv-torsion tensor is given by

Cijr. = pa(higmp + hjmi + hiymg) + yimimgmy, (17)
where

0
@ =028 ~3puan, (b) mi = b — B, (19

Here m; is a non-vanishing covariant vector orthogonal to the element of support
i

Let {jzk} be the components of Christoffel symbols of the associated Rieman-

nian space R™ and V} denote the covariant differential operator with respect to
z¥ relative to the Chriestoffel symbols. We will use the following tensors:

(a) QE;-;- = bz‘j + bji, (b) 2F£;- = bij — bji, (19)
where b;; = V;b;.
Let CT* = (FJ*,;, G*Z ]*,Z) be the Cartan connection of F*". The difference tensor

D;‘]’C = Fj*,g — {]k} of the Finsler space F*" is given by

i = BYE}, + Fy'Bj + F}'B; + B}'boi, + By'by;
— bomg™ " By, — Ci AR — Cil A5 + Cy AS g8 (20)
+ NS (CHLCH + Crn CE — CH O,
where '
a) BZ = pobk +p1Ys, B* = g"B;,

Pl(au o QYZYJ) +(9po/0B)mim;
P 5

b) B

¢) A*m BimE}, + B Ejf, + BiF§™ + B{Fy™, (21)
d) X" = B*Eg + 2By Fg™, F*F = g*h P,

€)

B*k — g*ij;kzv BS —_ Bz* i7
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where 0 denote the contraction with y° except for the quantities pg, go and Sp.

3 Induced Cartan connection

Let F*"~! be a hypersurface of F*" given by the equation x° = z‘(u). The
element of support y* of F*" is to be taken tangential to F*"~1, i.e.

y' = By (u)o™. (22)
The metric tensor g* 5 and v-torsion tensor C’;m are given by
(a) gap = 95 BABY . (b) Cig = Ciy, Bi B B3, (23)
At each point u® of F**~! a unit normal vector N*(u,v) is defined by
(a) g5;BEN* =0, (b) g;;N*N* =1. (24)

The angular metric tensor h;; of F*", satisfies the following relations

(a) hypp = hij;iB;j, (b) hij:fN*j =0, (c) hfij*iN*j =1. (25)
The inverse projection factor Bf“(u,v) of BX is given by

B = g*Pg5BY (26)

where ¢g**# is the inverse of the metric tensor 9op Of Frn=l
From (24) and (26), we get

BB =50 B¥Nf =0, N“B* =0, NN} =1, (27)

and further
By Bi* + N*'Nj = 6. (28)

For induced cartan connection ICT = (F Eg‘ , G;ga, ng‘) on F**~1 the second fun-
damental h-tensor Hj ; and the normal curvature vector H; are given by

as = NI (Big + FiiBY BYY) + MyHj, Hy = N (Bii, + Gy'BY),  (29)

where M = C;, BXN*IN*k, B;% = 02" /Ou*dU? and B} = Bz;flvﬁ .

It is clear that H 5 is not symmetric and
ap — Hpo = MZH5 — M3H. (30)
Equation (29) yields

H}y = Higv” = HY + M, + M H. (31)

e
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The second fundamental v-tensor M ; is given by

g = CiipBa BY N**. (32)
The relative h and v-covariant derivatives of B} and N*! are given by
a) B;ﬁﬁ = H;BN*Z',‘
b) Bt = M* N*z’
d) N*Z|ﬁ — _M;BB;ocg*Zj.
* * ki ¥J ATk
Mgz = N; C’j,iBBJN . (34)

Let X;(z,y) be a vector field of F*", the relative h and v-covariant derivatives of
X, are given by

Xis = X By + Xil,NYH}, X;5 = Xi|;B . (35)
M. Matsumoto [4] defined different kinds of hypersurfaces and obtained their

characteristic conditions, which are given in the following lemmas.

Lemma 1. A Finslerian hypersurface F"' is a hyperplane of the first kind if
and only if H, = 0.

Lemma 2. A Finslerian hypersurface F™~' is a hyperplane of the second kind if
and only if Hy, = 0 and H,p = 0.

Lemma 3. A Finslerian hypersurface F"~' is a hyperplane of the third kind if
and only if Hyg = 0= M,g and H, = 0.

4 Hypersurface F*""!(c) of the Finsler space F*"

Let us consider a special Finsler metric L* = o + A16 + As 527;1) + B with
gradient b;(z) = 9;b. From parametric equation x* = z*(u®) of F*"~1(c), we get
Oab(z(u)) = 0 = b; B so that b;(z) are regarded as covariant components of a
normal vector field of F*"~1(c). Therefore along the F*"~!(c), we have

(a) b;BX =0, (b) byy' =0. (36)

Hence the induced metric L*(u,v) of F*"~!(c) is given by

L*(U,U) = \/ aaﬁvavﬁa Gap = aijB;iB;ja (37)

which is a Riemannian metric.
At a point of F**~1(c), from (7), (8), (9), (10), (12), (13), (14) and (16), we get

1

p:]-u QO:O, Q1:07 q2:_72) T:]-u
«

A +1

bo = (Al + 1)27 p1 = y P2 = 07 (38)

2
A1+1’ S2:_(A1+1) b2.

So=0, S1=
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Using (38) in (15), we find

(A;+1)?
2

. . Al +1
*¥) i)
g a o

(V' by + Vy'y’. (39)

Transvecting (39) with b;b; and using (36b), we have
g*bib; = b, (40)

which gives
bi(x) = N7, (41)

where b is the length of vector b’.
Transvecting (39) with b; and using (36b) and (41), we get

b = a"b; = bN* + (A1 + 1)b*a "y (42)
This leads to

Theorem 1. In the Finslerian hypersurface F*"~'(c) of a Finsler space with Ran-
ders change of special (a, B)-metric, the induced metric is a Riemannian metric
given by (37) and the scalar function b(x) is given by (40) and (41).

The angular metric tensor and metric tensor of F*™ are given by

Y.Y;
hiy = @y — —5* (43)
and A
g;‘j:aijﬁ-(Al-i-l)bb-i- (bY—l-bY) (44)
respectively. '
Transvecting (43) with B3’ B’ and using (25), we get
aﬁ - hz(;)a (45)

(a)

where hZ denote the angular metric tensor of induced Riemannian metric. Dif-
ferentiating (12) with respect to 3, we get

% = 771(71 +1)A (n+2)(A; + l)oz"ﬁn_1 + (n— l)oz""'lﬁn_2

0 2n
oo (16)
+2(2n + 1) A82" 1|
Thus along F*"1(c), 8p° = 0. Therefore (18) gives v1 =0, m; = b;.
Then from (17), we get
A +1
co= TN e 4 hnb v B, (47)
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Transvecting (47) with B;iB;jN*k and using (25), (32) and (41), we have

A1—|—1
(0%

ap = ( )0l (48)

From (25), (34), (36b) and (47), we have

M} =0. (49)
Using (49) in (30), we have

aﬁ - Hﬁa (50)

Thus, we have the following;:

Theorem 2. The second fundamental v-tensor M;ﬂ of F*~1 is given by (48)
and the second fundamental h-tensor H;B 1§ symmetric.

Taking h-covariant derivative of (36) with respect to the induced connection,
we find
bijsBY' "+ b, Bam =0. (51)

Applying (35) for the vector b;, we get
biyg = by By + bil jN* H}. (52)
In view of (33) and (52), (51) implies
b

Wi BLBY + bil; B N H} + biHigN* = 0. (53)

From b;|; = —thZ"‘Jh, (34), (41) and (49) together imply
bi|; BEN* = —bM} = 0. (54)
Using (41) and (54) in (53), we find
bH}5 + by BS B = 0. (55)

Since H* op 18 symmetric, bj; is symmetric. Transvecting (55) with VP, we get

bH} + l)lUB“yZ =0. (56)
Again transvecting with v%, we get
bHG + by’ = 0. (57)

In view of Lemma 1, the hypersurface F*"~!(c) is a hyperplane of first kind
if and only if b;;y* ') = 0. Here b, ;| being the covariant derivative with respect to
the Cartan connection of F*™ may depend on y*. Since b; is gradient vector, from
(19) for induced metric L*, we have EJ; = b;;, F}; = 0. Thus, (20) reduces to

]k — B*lb]k —I-B*Zbok +Bk bO] bomg*zm * C*z A*m C:;nAjm
+ *m *18 )\*s (C*z *m + C C*m C*m *7 ) .

jkm s

(58)
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Using (38) and (39) in (21), we get

i Al +1 W A+l
B} = (A1 +1)%; + =Y, B = Sy
A +1 -9
B;} = T(az] — EY])? )\*m = B*mb()Oa (59)
o AL+, L (A +1)% .
By = S0 - ) - B
AR™ = Bi™boo + B bio.

In view of (36), we have B’ = 0 and Bj, = 0, which together with (4.24) gives
A = By
Transvecting (58) with y*, we get

;k(l) = B*ibj() + B;iboo — B*mC;Tinboo. (60)
Again transvecting (60) with ¢/, we find
xi xi Ar+1
DOO =B boo == ! Yy boo (61)
Transvecting (61) with b; and using (36), we have
b; Dy = 0. (62)
Thus, the relation b;; = bj; — b, D] and (62) gives
bi|jyiyj = boo. (63)
Using (63) in (57), we get
bHE + by = 0. (64)

From equation (64) and Lemmas 1 and 2, it is clear that the necessary and suffi-
cient condition for F*"~1(c) to be a hyperplane of first kind is that bgg = 0. Since
bij = V;b; does not depend on y* and satisfy (36b), this condition may be written
as bi;y'y’ = (biy')(cjy?) = 0 for some c;j(x). Therefore

Qbij = biCj + bjci. (65)
From (36) and (65) it follows that
boo =0, bi;Bi By =0, bBily’ = 0. (66)
Hence (64) gives Hj = 0. Again from (58), (59) and (65), we have
7 1 2 *m %1 *] * ki *] A1+1 *
Using (32), (39), (42), (48) and (67) in (58), we get
*r %1 R*J (Al —|—1)Cob2 *
b.D;] B, Bﬁj =l (68)
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Also from the relation b;

i = bij —b-D;] and (4.31), we get

by; By By = —b.D;{ By By = o 58 (69)
Therefore equation (55) reduces to
Aq + 1)cob?
b, + AUl g (70)

2c0
Hence the hypersurface F*"~!(c) is umbilical. Thus, we have

Theorem 3. The necessary and sufficient condition for a Finslerian hypersurface
F™=Y(c) of a Finsler space with Randers change of special (o, B)-metric to be a
hyperplane of the first kind is that (70) holds and F*"~1(c) is umbilical.

From lemma 3, the hypersurface F*"~!(c) is a hyperplane of second kind if
and only if Hy, = 0 and Hj; = 0. Thus (70) gives ¢o = ci(r)y’ = 0. Therefore
there exists a function ¢(x) such that

ci(z) = ¢(x)bi(). (71)
Hence (65) reduces to b;; = ¢b;b;.

Theorem 4. The necessary and sufficient condition for a Finslerian hypersurface
F*=1(¢) of a Finsler space with Randers change of special (a, B)-metric to be a
hyperplane of second kind is b;j = ¢b;b;.

In view of (48) and (49), Lemma 3 shows that F*"~!(c) does not become a
hyperplane of the third kind. Thus, we have

Theorem 5. The Finslerian hypersurface F*"~1(c) of a Finsler space with Ran-
ders change of special (c, B)-metric is not a hyperplane of the third kind.
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