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SOME PROPERTIES OF PSEUDO-SLANT SUBMANIFOLDS
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Abstract

In this paper, we study pseudo-slant submanifolds of a Sasakian mani-
fold. We find some results and investigate the integrability conditions of dis-
tributions which are involved in the definition of pseudo-slant submanifolds.
Finally, we obtain the necessary and sufficient condition for a pseudo-slant
submanifold to be pseudo-slant product.
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1 Introduction

D. Blair studied contact manifolds in Riemannian geometry in [4]. The slant
submanifolds of an almost contact metric manifold were defined and studied by A.
Lotta [15]. After that, such submanifolds were studied in [5] and by J.L. Cabrerizo
et al, of Sasakian manifolds [6] and [7]. The differential geometry of slant sub-
manifolds has shown an increasing development since B.Y. Chen defined slant
submanifolds in complex manifolds as a natural generalization of both invariant
and anti-invariant submanifolds [8],[9]. After that, many research articles have
been published on the existence of these submanifolds in various known spaces.
Semi-slant submanifolds of Keahler manifold N. Papaghuice [16], as a generaliza-
tion of slant submanifolds. Bi-slant submanifolds were introduced in an almost
Hermitian manifold. Recently Carriazo defined and studied bi-slant submanifolds
in an almost Hermitian manifold and gave the notion of pseudo-slant submani-
fold in an almost Hermitian manifold. V.A. Khan and M.A Khan [12] defined
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and studied the contact version of pseudo-slant submanifold in a Sasakian mani-
fold. Also, U.C. De and Avijit Sarkar in [10] studied pseudo-slant submanifolds of
trans-Sasakian manifolds. Many results on totally umbilical hemi-slant submani-
folds of Cosymplectic manifolds were obtained by M.A. Khan in [14]. Recently M.
Atceken [2], has studied slant and pseudo-slant submanifolds in (LCS)n-manifolds
and CR-submanifolds of Kenmotsu manifolds in [1] along with the geometry of
pseudo-slant submanifolds of a Kenmotsu manifold in [3] as well as in [11] for
nearly Cosymplectic manifold. Warped product pseudo-slant submanifolds of a
nearly Cosymplectic manifold were studied in [18] by S. Uddin and A.A. Mustafa.
S. Uddin and M.A. Khan have found a classification on totally umbilical proper
slant and hemi-slant submanifolds of nearly trans-Sasakian manifolds in [13] and
for nearly Kenmotsu manifold in [17]. Motivated by the above study, we obtain
some interesting results on pseudo-slant submanifolds of a Sasakian manifold.

The paper is organized in following manner.

In this paper, we find some properties of pseudo-slant submanifolds of a
Sasakian manifold. In section two, we give some basic definitions and formu-
las for a Sasakian manifold and their submanifolds. In section three, we recall
the some basic results and definitions of a pseudo-slant submanifold of almost
contact metric manifolds. We obtain the integrability conditions of distributions
on the pseudo-slant submanifolds of a Sasakian manifold and then analogous re-
sults for these submanifolds in the setting of Sasakian manifolds. At last, we
obtain the necessary and sufficient condition for a pseudo-slant submanifold to be
a pseudo-slant product.

2 Preliminaries

In this section, we recall some basic definitions and formulas from the the-
ory of Sasakian manifold and their submanifolds. We give some notations used
throughout this paper.
Let M̄ be an odd dimensional C∞-differentiable manifold with the almost contact
metric structure (J, ξ, η, g), where J is a tensor field of type (1, 1), ξ is a vector
field, η is 1-form and g is a Riemannian metric on M̄ , satisfying

J2X = −X + η(X)ξ, (2.1)

Jξ = 0, η ◦ φ = 0, η(ξ) = 1, g(X, ξ) = η(X), (2.2)

and

g(JX, JY ) = g(X,Y )− η(X)η(Y ), g(JX, Y ) = −g(X,JY ), (2.3)

for any vector fields X,Y ∈ Γ(TM̄) An almost contact structure (J, ξ, η, g) is said
to be normal if the almost complex structure φ on the product manifold M̄ × R
given by

φ(X, f
d

dt
) = (JX − fξ, η(X)

d

dt
),
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where f is the C∞-function on M̄ × R. The condition for normality in terms of
J, ξ and η is [J, J ]+2dη⊗ξ = 0 on M̄ , where [J, J ](X,Y ) = J2[X,Y ]+[JX, JY ]−
J [JX, Y ]−J [X,JY ] is the Nijenhuis tensor of J . Finally, the fundamental 2-form
Φ is defined by Φ(X,Y ) = g(X,φY ). A normal almost contact metric structure
is called Sasakian structure, which satisfies

(∇XJ) = g(X,Y )ξ − η(Y )X (2.4)

and
(∇Xξ) = −JX (2.5)

for any vector fields X,Y ∈ Γ(TM̄). Then almost contact metric structure
(M̄, J, ξ, η, g) is called Sasakian manifold.
Now, let M be a submanifold of a contact metric manifold M̄ with induced metric
g. Also let ∇ and ∇⊥ be the induced connections on the tangent bundle TM and
the normal bundle T⊥M of M , respectively. Then the Gauss and Wiengarten
formulas are, respectively given by

∇̄XY = ∇XY + h(X,Y ), (2.6)

and
∇̄XV = −AVX +∇⊥V, (2.7)

where h and AV are the second fundamental form and the shape operator corre-
sponding to the normal vector field V , respectively, for the immersion of M into
M̄ . The second fundamental form and shape operator are related by formula

g(h(X,Y ), V ) = g(AVX,Y ) (2.8)

for all X,Y ∈ Γ(TM) and V ∈ Γ(T⊥M).
M is said to be totally geodesic submanifold if h(X,Y ) = 0 for each X,Y ∈
Γ(TM).

Example 1. We consider R2n+1 with Cartesian coordinates (xi, yi, zi)(i = 1, ...., n)
and its usual contact form

η =
1

2
(dz −

∑
yidxi).

The characteristic vector field ξ is given by 2 ∂
∂z and its Riemannian metric g and

its tensor field J are given by

g = η ⊗ η +
1

4
(
∑

((dxi)
2 + (dyi)

2), J =

 0 δij 0
−δij 0 0

0 yj 0

 , i = 1, ...., n

This gives a contact structure on R2n+1. The vector fields Ei = 2 ∂
∂yi
, En+i =

2( ∂
∂xi

+ yi
∂
∂z ), ξ form a J− basis for the contact metric structure. On the other

hand, it can be shown that R2n+1(J, ξ, η, g) is a Sasakian manifold.
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3 Pseudo-slant submanifolds of a Sasakian manifold

In this section, we will get the integrability conditions of the distributions
of pseudo-slant submanifolds of a Sasakian manifold. At last, we obtain neces-
sary and sufficient conditions for a pseudo-slant submanifold to be pseudo-slant
product. In contact geometry A. Lotta introduced slant submanifold as follows
[15],

Definition 1. A submanifold M of an almost contact metric manifold M̄ is said
to be a slant submanifold if for any p ∈M and X ∈ TpM −{ξ}, the angle between
JX and TpM is constant. the constant angle θX ∈ [0, π2 ] is called slant angle of
M in M̄ .

(1) If θ = 0 the submanifold is invariant submanifold.
(2) If θ = π

2 then it is anti-invariant submanifold.
(3) If θ 6= 0, π2 then it is proper slant submanifold.

The tangent bundle TM of M is decomposed as TM = D⊕ < ξ >, where the or-
thogonal complementary distribution D of < ξ > is known as the slant distribution
on M

Definition 2. Let M be a submanifold of an almost contact metric manifold M̄ .
M is said to be pseudo-slant of M̄ if there exist two orthogonal distributions Dθ

and D⊥ on M such that
(1) TM has the orthogonal direct decomposition TM = D⊥ ⊕Dθ⊕ < ξ >.
(2) The distribution D⊥ is an anti-invariant submanifold.
(3) The distribution Dθ is a slant, that is the slant angle between of Dθ and

JDθ is constant.
Let m = dim(D⊥) and n = dim(Dθ). We distinguish the following five cases.

(1) If n = 0 or θ = π
2 , then M is an anti-invariant submanifold.

(2) If m = 0 and θ = 0, then M is invariant submanifold.
(3) If m = 0 and θ 6= 0, π2 , then M is a proper slant submanifold.
(4) If m,n 6= 0 and θ = 0, then M is semi-invariant submanifold.
(5) If m,n 6= 0 and θ 6= 0, π2 , then M is pseudo-slant submanifold [12].

Now, we give the following results in the setting of almost contact manifolds
given by Cabrerizo et.al.

Theorem 1. Let M be a slant submanifold of an almost contact metric manifold
M̄ such that ξ ∈ Γ(TM). Then M is slant submanifold if and only if there exists
a constant λ ∈ [0, 1] such that

Now, let M be a submanifold of an almost contact metric manifold M̄ . Then
for any X ∈ Γ(TM), we can write

JX = φX + ωX, (3.1)

where φX and λX are the tangential and normal component of JX respectively.
Similarly, for V ∈ Γ(T⊥M), we have

JV = BV + CV (3.2)
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where BV and CV are the tangential and normal component of JV . Then, using
(2.1), (3.1) and (3.2), we have

φ2 = −I + η ⊗ ξ −Bω, ωφ+ Cω = 0, (3.3)

and

φB +BC = 0, ωB + C2 = −I. (3.4)

Furthermore, for any X,Y ∈ Γ(TM), we have g(φX, Y ) = −g(X,φY ) and U, V ∈
Γ(T⊥M), we get g(U,CV ) = −g(U,CV ). These show that φ and C are skew
symmetric tensor fields. Moreover, for any X ∈ Γ(TM) and V ∈ Γ(T⊥M), we
get

g(ωX, V ) = −g(X,BV ) (3.5)

which gives the relation between ω and B.
Furthermore, the covariant derivatives of the tensor field φ, ω, B and C are,
respectively defined by

(∇Xφ)Y = ∇XφY − φ∇XY, (3.6)

(∇Xω)Y = ∇⊥XωY − φωXY, (3.7)

(∇XB)Y = ∇XBY −B∇⊥XY, (3.8)

(∇XC)Y = ∇⊥XCY − C∇⊥XY. (3.9)

A submanifold M is said to be invariant if ω is identically zero, that is JX ∈
Γ(TM) for all X ∈ Γ(TM). On the other hand, M is said to be anti-invariant
if φ is identically zero, that is JX ∈ Γ(T⊥M) for all X ∈ Γ(TM). Now, we get
easily

(∇Xφ)Y = AωYX +Bh(X,Y ), (3.10)

and

(∇Xω)Y = Ch(X,Y )− h(X,φY ), (3.11)

similarly, for any V ∈ Γ(T 2M) and X ∈ Γ(TM), we obtain

(∇XB)Y = ACYX + φAVX, (3.12)

and

(∇XC)Y = −h(BV,X)− ωAVX. (3.13)

since M is tangent to ξ, then using (2.5), (2.6),(2.8)and (3.1)

∇ξξ = 0, h(ξ, ξ) = 0, AV ξ = 0 (3.14)

for all V ∈ Γ(T⊥M) and ξ ∈ Γ(TM).
Now, we have the following result of an almost contact manifold given by Cabrerizo
et.al.
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Theorem 2. Let M be a slant submanifold of an almost contact manifold of M̄
such that ξ ∈ Γ(TM). Then, M is slant submanifold if and only if there exists a
constant λ ∈ [0, 1] such that

φ2 = −λ(I − η ⊗ ξ) (3.15)

furthermore, in this case, if θ is slant angle of M , then λ = cos2θ [6].

Corollary 1. Let M be a slant submanifold of an almost contact manifold of M̄
with slant angle θ. then for any X,Y ∈ Γ(TM), we have

g(φX, φY ) = cos2θ(g(X,Y )− η(X)η(Y )), (3.16)

and
g(ωX,ωY ) = sin2θ(g(X,Y )− η(X)η(Y )). (3.17)

By using (3.10) and (3.14), we get

η((∇XT )Y ) = g(X,Y )− η(X)η(Y ) (3.18)

for X,Y ∈ Γ(Dθ).
If we denote the projection on D⊥ and Dθ by P and Q respectively then for any
vector field X ∈ Γ(TM), we can write

X = PX +QX + η(X)ξ (3.19)

Now operating J on both sides of equation (3.19), we get

JX = JPX + JQX

and
φX + ωX = ωPX + φQX + ωQX.

we can easily see that

φX = φQX,ωX = ωPX + ωQX,

and
JPX = ωPX, φPX = 0, JQX = φQX + ωQX,φQX ∈ Γ(Dθ).

If we denote the orthogonal complementary of J(TM) in T⊥M by µ, then the
normal bundle T⊥M can be decomposed as follows

T⊥M = ω(D⊥)⊕ ω(Dθ)⊕ µ. (3.20)

We can easily see that bundle µ is an invariant subbundle with respect to J . Since
D⊥ and Dθ are orthogonal distributions on M , g(Z,X) = 0 for each Z ∈ (D⊥)
and X ∈ Γ(Dθ). Thus, by equation (2.3) and (3.1), we can write

g(ωZ, ωX) = g(JZ, JX) = g(Z,X) = 0,

that is distributions ω(D⊥) and ω(Dθ) are also mutually perpendicular. In fact
decomposition (3.20) is an orthogonal direct decomposition.
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Theorem 3. Let M be a submanifold of an almost contact metric manifold M̄ .
Then Dθ is slant distribution if and only if there is a constant λ ∈ [0, 1] such that

(φQ)2X = −λX. (3.21)

for any X ∈ Γ(Dθ). In this case, the slant angle θ satisfies λ = cos2θ.

Moreover, for any Z,W ∈ Γ(D⊥) and U ∈ Γ(TM), also by using (2.4), (2.7)
and (2.8), we get

g(AωZW −AωWZ , U) = g(h(W,U), ωZ)− g(h(Z,U), ωW )

= g(∇̄UW,JZ)− g(∇̄UZ, JW )

= −g(J∇̄UW,Z) + g(J∇̄UZ,W )

= g(∇̄UJZ − (∇̄UJ)Z,W )

+ g((∇̄UJ)W − ∇̄UJW,Z)

= g(∇̄UJZ,W )− g(∇̄UJW,Z)

= −g(AωZU,W ) + g(AωWU,Z)

= g(AωWZ −AωZW,U).

It follows that
AωWZ = AωZW. (3.22)

Theorem 4. Let M be a pseudo-slant submanifold of a Sasakian manifold M̄ ,
then

∇⊥WωZ −∇⊥ZωW ∈ ω(D⊥)

for any Z,W ∈ Γ(D⊥).

Proof. For any Z,W ∈ Γ(D⊥) and V ∈ µ and using (2.4), (3.22), we obtain

g(∇⊥WωZ −∇⊥ZωW,V ) = g(∇̄WJZ +AJZW − ∇̄ZJW +AJWZ, V )

= g(∇̄WJZ − ∇̄ZJW, V )

= g((∇̄WJ)Z + J∇̄WZ, V )

− g((∇̄ZJ)W + J∇̄ZW,V )

= g(J∇̄WZ, V )− g(J∇̄ZW,V )

= g(∇̄WZ, JV )− g(∇̄ZW,JV )

= g(∇WZ, V )− g(∇ZW,V )

+ g(h(Z,W ), JV )− g(h(W,Z), JV )

= 0

Thus the proof is complete.

Theorem 5. Let M be a pseudo-slant submanifold of a Sasakian manifold M̄ .
Then the anti-invariant distribution D⊥ is completely integrable and its maximal
integral submanifold is an anti-invariant submanifold of M̄ .
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Proof. For any Z,W ∈ Γ(D⊥) and X ∈ Γ(Dθ), by using (2.4), (2.6), (2.7) and
(2.8), we get

g([Z,W ], X) = g(∇̄ZW − ∇̄ZW,X)

= g(∇̄WX,Z)− g(∇̄ZX,W )

= g(J∇̄WX, JZ)− g(J∇̄ZX, JW )

= g(∇̄WJX, JZ)− g(∇̄ZJX, JW )

− g((∇̄WJ)X, JZ) + g((∇̄ZJ)X, JW )

= g(∇̄WφX + ∇̄WωX,ωZ)

− g(∇̄ZφX + ∇̄ZωX,ωW )

= g(h(φX,W ), ωZ)− g(h(φX,Z), ωW )

+ g(∇⊥WωX,ωZ)− g(∇⊥ZωX,ωW )

= g(AωZW −AωWZ, φX) + g(∇⊥WωX,ωZ)

− g(∇⊥ZωX,ωW ),

by using (3.7), (3.11) and (3.22), we obtain

g([Z,W ], X) = g(∇⊥WωX,ωZ)− g(∇⊥ZωX,ωW )

= g((∇Wω)X + ω∇WX,ωZ)

− g((∇Zω)X + ω∇ZX,ωW )

= g(Ch(W,X)− h(W,φX), ωZ)− g(Ch(Z,X)− h(Z, φX), ωW )

+ g(ω∇WX,ωZ)− g(ω∇ZX,ωW )

= −g(h(W,φX), ωZ) + g(h(Z, φX), ωW )

+ g(ω∇WX,ωZ)− g(ω∇ZX,ωW )

by using (3.17), we have

g([Z,W ], X) = sin2θg(∇WX,Z)− sinθg(∇ZX,W )

= sin2θg(∇ZW,X)− sinθg(∇WZ,X)

= sin2θg([Z,W ], X),

hence
cos2θg([Z,W ], X) = 0.

Thus [Z,W ] ∈ Γ(D⊥), that is, anti-invariant distribution D⊥ is always integrable
and its integral submanifold is an anti-invariant submanifold of M̄ .
Thus the proof is complete.
Now, by using (2.4), we get

(∇̄XJ)Y = ∇̄XJY − J∇̄XY = g(X,Y )ξ − η(Y )X.

Hence by using (2.6), (2.7), (3.1) and (3.2), we have

−AωYX +∇⊥XωY − φ∇XY −Bh(X,Y )− Ch(X,Y ) = g(X,Y )ξ − η(Y )X,
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for any X,Y ∈ Γ(D⊥). From the tangent component of this last equation, we
have

AωYX + φ∇XY +Bh(X,Y ) + g(X,Y )ξ = 0. (3.23)

By interchanging roles of X and Y in (3.23), we have

AωXY + φ∇YX +Bh(Y,X) + g(Y,X)ξ = 0, (3.24)

which is equivalent to
T [X,Y ] = AωXY −AωYX.

From (3.22), we can easily to see that the anti-invariant distribution D⊥ is always
integrable.
Since the ambient manifold M̄ is Sasakian, for any Z,W ∈ Γ(D⊥)

(∇̄ZJ)W = g(Z,W )ξ − η(W )Z,

which implies that

∇̄ZJW − J∇̄ZW = ∇̄ZωW − J(∇ZW + h(W,Z))− g(Z,W )ξ.

So we have

−AωWZ +∇⊥ZωW − φ∇ZW − ω∇ZW −Bh(W,Z)− Ch(W,Z)− g(Z,W )ξ = 0.

From the tangential components of the last equation, we have

AωWZ + φ∇ZW + Ch(W,Z) + g(Z,W )ξ.

from the above equation, we obtain

T [W,Z] = AωWZ + φ∇ZW + Ch(W,Z)

The anti-invariant distribution D⊥ is integrable, J [Z,W ] = ω[Z,W ] because tan-
gential component of J [Z,W ] is zero. So we have

AωWZ + φ∇ZW + Ch(W,Z) = 0. (3.25)

Similarly, we get
AωZW + φ∇WZ + Ch(Z,W ) = 0. (3.26)

Here, by using (3.22), (3.25) and (3.26), we have

(∇Zφ)W = (∇Wφ)Z.

Lemma 1. Let M be a pseudo-slant submanifold of a Sasakian manifold M̄ , Then
we get

(∇Zφ)W = (∇Wφ)Z, (3.27)

for any Z,W ∈ Γ(D⊥).
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Theorem 6. Let M be a pseudo-slant submanifold of a Sasakian manifold M̄ .
Then the slant distribution Dθ is integrable if and only if

P1{∇XφY − φ∇XY −AωYX −Bh(X,Y ) + g(X,Y )ξ − η(Y )X} = 0, (3.28)

for any X,Y ∈ Γ(Dθ).

Proof. For any X,Y ∈ Γ(Dθ), by using (2.4),and considering the tangential
component, we have

T [X,Y ] = ∇XφY − φ∇YX −AωYX −Bh(X,Y ) + g(X,Y )ξ − η(Y )X. (3.29)

Applying P1 to (3.29), we have (3.28)

Theorem 7. Let M be a pseudo-slant submanifold of a Sasakian manifold M̄ .
Then the slant distribution Dθ is integrable if and only if

∇⊥ZωW −∇⊥WωZ + h(Z, φW )− h(W,φZ) ∈ µ⊕ ω(Dθ),

for any Z,W ∈ Γ(Dθ).

Proof. For any Z,W ∈ Γ(Dθ) and X ∈ Γ(D⊥), by using (2.3), we obtain

g([Z,W ], X) = g(∇̄ZW,X)− g(∇̄WZ,X)

= g(J∇̄ZW,JX) + η(∇̄ZW )η(X)

− g(J∇̄WZ, JX)− η(∇̄WZ)η(X).

Thus, we have

g([Z,W ], X) = g(∇̄ZJW,ωX)− g((∇̄ZJ)W,ωX)

− g(∇̄WJZ, ωX) + g((∇̄WJ)Z, ωX).

Taking into account (2.4) and (3.1), we get

g([Z,W ], X) = g(∇̄Z(φW + ωW ), ωX)− g(∇̄W (φZ + ωZ), ωX).

Then from the Gauss and Weingarten formulas the above equation takes the form,
we obtain

g([Z,W ], X) = g(h(Z, φW ), ωX) + g(∇⊥ZωW,ωX)

− g(h(W,φZ), ωX) + g(∇⊥WωZωX).

Since, we have ωX ∈ (D⊥) ⊆ (T⊥M), we conclude

∇⊥ZωW −∇⊥WωZ + h(Z, φW )− h(W,φZ) ∈ µ⊕ ω(Dθ).

Theorem 8. Let M be a pseudo-slant submanifold of a Sasakian manifold M̄ .
Then the slant distribution Dθ is integrable if and only if

φAωUX +AωUφX = 0,

for any U ∈ (D⊥) and X ∈ Γ(Dθ).
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Proof. For any U ∈ (D⊥) and X,Y ∈ Γ(Dθ), by direct calculation, we get

g([X,Y ], U) = g(∇̄XY − ∇̄YX,U)

= g(J∇̄XY, JU)− g(J∇̄YX, JU)

= g(J∇̄XY, ωU)− g(J∇̄YX,ωU)

= g(∇̄XJY, ωU)− g(∇̄Y JX, ωU)

− g((∇̄XJ)Y, ωU) + g((∇̄Y J)X,ωU)

Hence, by using (2.4) and (3.1), we get

g([X,Y ], U) = g(∇̄Y ωU, JX)− g(∇̄XωU, JY )

= g(∇̄Y ωU, φX) + g(∇̄Y ωU, ωX)

− g(∇̄XωU, φY )− g(∇̄XωU, ωY )

On the other hand, using (2.4), (2.6) and (2.7), we obtain

(∇̄XJ)U = ∇̄XJU − J∇̄XU
g(X,U)ξ − η(U)X = ∇̄XωU − φ∇XU − ω∇XU −Bh(X,U)− Ch(X,U)

0 = ∇̄XωU − φ∇XU − ω∇XU −Bh(X,U)− Ch(X,U),

that is,

−AωUX +∇⊥XωU = φ∇XU + ω∇XU +Bh(X,U) + Ch(X,U)

From the tangential components, we have

−AωUX = φ∇XU +Bh(X,U)

(∇Xω)U = Ch(X,U). (3.30)

Also, by using (3.7) and (3.30), we obtain

g([X,Y ], U) = g(AωUX,φY )− g(AωUY, φX) + g(∇⊥Y ωU, ωX)− g(∇⊥XωU, ωY )

= −g(φAωUX,Y )− g(AωUφX, Y ) + g((∇Y ω)U + ω∇Y U, ωX)

− g((∇Xω)U + ω∇XU, ωY )

= −g(φAωUX,Y )− g(AωUφX, Y ) + g(Ch(Y,U), ωX) + g(C∇Y U, ωX)

− g(Ch(X,U), ωY )− g(ω∇XU, ωY )

= −g(φAωUX,Y )− g(AωUφX, Y ) + g(ω∇Y U, ωX)− g(ω∇XU, ωY )

= −g(φAωUX,Y )− g(AωUφX, Y ) + sin2θ{g(∇Y U,X)− g(∇XU, Y )}
= −g(φAωUX,Y )− g(AωUφX, Y ) + sin2θ{g(∇XY,U)− g(∇YX,U)}
= −g(φAωUX,Y )− g(AωUφX, Y ) + sin2θ{g([X,Y ], U)}.

So we have

cos2θ{g([X,Y ], U)} = −g(φAωUX,Y )− g(AωUφX, Y )
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Which completes our assertion.
For a pseudo-slant submanifold M of M̄ , the slant and anti-invariant distributions
are totally geodesic in M , then M is called pseudo-slant product.
The following theorem characterizes the pseudo-slant product in Sasakian mani-
fold.

Theorem 9. Let M be a pseudo-slant submanifold of a Sasakian manifold M̄ .
Then M is a pseudo-slant product if and only if the second fundamental form h
satisfies

Bh(X,Z) = 0, (3.31)

for all X ∈ Γ(Dθ) and Z ∈ Γ(TM).

Proof. For all X,Y ∈ Γ(Dθ) and U, V ∈ Γ(D⊥), we get

g(∇XY,U) = −g(∇XU, Y ) = −g(∇̄XU, Y )

= −g(J∇̄XU, JY )− η(∇̄XU)η(Y )

= −g((∇̄XJ)U − ∇̄XJU, JY )

− g(∇XU + h(X,U), ξ)η(Y )

= −g(∇̄XJU, JY )− g(∇XU, ξ)η(Y )

= −g(∇̄XJU, JY ) + g(∇Xξ, U)η(Y )

= −g(∇̄XJU, φY )− g(∇̄XJU, ωY ).

Now, put JU = ωU and using (3.14), we obtain

g(∇XY,U) = −g(∇̄XωU, φY )− g(∇̄XωU, ωY ).

Using (2.6) and (2.7), we get

g(∇XY, U) = g(AωUX −∇⊥XωU, φY ) + g(AωUX −∇⊥XωU, ωY )

= (AωUX,φY )− g((∇Xω)U, ωY )− g(ω∇XU, ωY )

= (AωUX,φY )− g(ω∇XU, ωY )− g(Ch(X,U), ωY ),

Hence using (3.14) and (3.17), we have

g(∇XY,U) = g(AωUX,φY )− g(ω∇XU, ωY )

= g(AωUX,φY )− sin2θ{g(∇XU, Y )− η(∇XU)η(Y )}
= g(h(X,φY ), ωU)− sin2θg(∇XU, Y ) + sin2θg(∇XU, ξ)η(Y )}
= g(h(X,φY ), ωU) + sin2θg(∇XY,U)− sin2θg(∇Xξ, U)η(Y )}
= g(h(X,φY ), ωU) + sin2θg(∇XY,U)

that is

cos2θg(∇XY,U) = g(h(X,φY ), ωU) = −g(Bh(X,φY ), U). (3.32)
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In the same way, we can obtain

g(∇V U,X) = g(∇̄V U,X) = −g(∇̄VX,U)

= −g(J∇̄VX,JU)− η(∇̄VX)η(U)

= g((∇̄V J)X,JU)− g(∇̄V JX, JU)

For U, V ∈ Γ(D⊥), since the tangent component of JU and φU are zero, we get

g(∇V U,X) = g((∇̄V J)X,ωU)− g(∇̄V JX, ωU)

= g(∇̄V JX, ωU) = −g(∇̄V φX,ωU)− g(∇̄V ωX,ωU)

= −g(∇V φX + h(φX, V ), ωU) + g(AωXV −∇⊥V ωX,ωU)

= −g(h(φX, V ), ωU)− g(∇⊥V ωX,ωU)

= −g(h(φX, V ), ωU)− g((∇V ω)X + ω∇VX,ωU),

hence using (3.14) we have

g(∇V U,X) = −g(h(V, φX), ωU)− g(ω∇VX,ωU)

+ g(h(V, φX), ωU)− g(Ch(V,X), ωU)

= −g(ω∇VX,ωU)− g(Ch(V,X), ωU)

= g(Ch(V,X), ωU) + sin2θg(∇V U,X),

that is

cos2θg(∇V U,X) = −g(Ch(V,X), ωU) = g(Bh(V,X), U). (3.33)

From equations (3.32) and (3.33). Thus Dθ and D⊥ are totally geodesic in M if
and only if (3.31) is satisfied.

Theorem 10. Let M be a pseudo-slant submanifold of a Sasakian manifold M̄ .
If ω is parallel on Dθ, then either M is a Dθ-geodesic submanifold or h(X,Y ) is
an eigenvector of C2 with eigenvalues −cos2θ, for any X,Y ∈ Γ(Dθ).

Proof. For any X,Y ∈ Γ(Dθ), from (3.11), we have

Ch(X,Y )− h(X,φY ) = 0 (3.34)

On the other hand, since Dθ is a slant distribution, we have

0 = Ch(X,Y − η(Y )ξ)− h(X,φ(Y − η(Y )ξ))

= Ch(X,Y − η(Y )ξ)− h(X,φY ),

that is

Ch(X,Y − η(Y )ξ) = h(X,φY ). (3.35)

Now, applying C to (3.35), we obtain

C2h(X,Y − η(Y )ξ) = Ch(X,φY ).



378 Sumeet Kumar, Shashikant Pandey and Rajendra Prasad

On the other hand, by interchanging of Y and φY in (3.34), we get

h(X,φ2Y ) = Ch(X,φY ).

Hence, using (3.15), we obtain

C2h(X,Y − η(Y )ξ) = Ch(X,φY ) = h(X,φ2Y ) = −cos2θh(X,Y − η(Y )ξ).

This implies that either h vanishes on Dθ or h is eigenvector of C2 with eigenvalues
−cos2θ.
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